Learning influence structure in sparse social
networks

Chiara Ravazzi, Member, IEEE, Roberto Tempo, Fellow, IEEE, and Fabrizio Dabbene, Senior Member, IEEE

Abstract—Aim of this paper is to propose a novel methodology
for estimating the social influence among agents interacting in a
sparse social network described by the Friedkin and Johnsen’s
model. In this classical model, n agents discuss m < n topics,
are influenced by the others’ opinions, but are not completely
open-minded, being persistently driven by their prejudices. We
reconstruct the social network topology and the strength of
the interconnections starting from observations of the initial
and final opinions’ profile only. The intrinsic sparsity of the
graph is exploited via an /;/¢; minimization. Different from
the techniques previously proposed in the literature, no partial
knowledge of the social graph is assumed, and there is no need of
optimally placing external stubborn agents injecting prescribed
inputs, thus changing the terminal behavior of the opinion
dynamics. Under suitable assumptions, we derive theoretical
conditions that guarantee that the problem is well posed and
sufficient requirements on the number of topics under discussion
that ensure perfect recovery. Extensive simulations on synthetic
and real networks corroborate theoretical results.

I. INTRODUCTION

The interest of the control community towards the study
of opinion formation in social networks and belief systems
has been constantly increasing in the recent years, stimulated
by the numerous and challenging system-theoretic problems
arising in this field. The notion of social network refers to a
structure defined by agents (individual entities) and connec-
tions among them, describing relations, such as friendships,
collaboration or trust. These relationships can exhibit different
level of trust. As described in the recent survey [2], the
key challenges in this framework are related to the issues
of modeling (finding a meaningful description of the social
interactions), analysis (studying the evolution of the social
dynamics), and control (identifying the most influential players
and introducing external agents to influence the final opinions).

Various dynamical models, based on several communication
mechanisms, have been proposed in the literature to describe
certain features in the opinion dynamics, such as the emer-
gence of consensus as in French-DeGroot models [3], [4],
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[5], [6], or the persistent disagreement in social systems when
stubborn agents are present [7], [8], [9]. Theoretical studies
have focused on characterizing the convergence, ergodicity of
the opinion dynamics with stubborn agents, actors who never
change opinion, and with random interactions |9], [10], devel-
oping techniques to reach fastest convergence and controlling
the steady-state of the opinions [L1].

The advent of social media, such as Facebook and Twitter,
has made a huge volume of data easily available, and polit-
ical organizations and business firms have been interested in
analyzing these massive data for decision making and action
planning [12], [13]. Advanced tools have been developed to
extract low-dimensional structures from large social networks
that characterize the social behavior of individuals and groups
[14], [15]. Using data describing the relationships, we are
able to detect communities [16], identify social leaders, who
influence the behavior of others in the network, using various
notions of centrality measures [17]], [18], [19], and on the
other hand, to determine which people are most affected by
other network participants. The final key problem addressed in
this literature is related to the so-called minimum controlling
set, which is the smallest set of opinion makers who can
suitably adjust their network intercommunication to control
other individuals in social networks [20]. Various strategies of
optimal placement in social networks have been proposed in
[11], [21].

However, all these tasks require a complete knowledge of
the relationships in the network. Motivated by this consid-
eration, in this paper we are interested in the estimation of
the social influence network among n agents that interact in a
social network. This important problem has received relatively
less attention in the control community than the problems
mentioned above. In [22] some methods to infer the network
structure in French-DeGroot models with stubborn agents have
been proposed.

In this paper, we adopt the classical Friedkin and Johnsen’s
model [23]], in which the agents discuss m < n independent
topics, are influenced by the others’ opinions, but are not com-
pletely open-minded, and are persistently driven by their initial
opinions. More precisely, at each round of communication the
agents update their beliefs by taking a convex combination
of the opinions coming from the neighbors, weighted with
respect to an influence matrix, and their prejudices. It should
be noted that this model extends the French-DeGroot model
with stubborn agents, which is included as a particular case.
A key feature of the Friedkin and Johnsen’s model is that it
has been experimentally validated for small and medium size
groups [7], [24].



In general, given a group of individuals, whose opinions
on m independent issues are supposed to evolve according
to a specific model, we can distinguish two strategies to
estimate the interactions in the network, that can be referred
to as finite-horizon and infinite-horizon identification proce-
dures. In the experiments of the first kind the opinions are
observed after 7' rounds of conversation and the influence
matrix is estimated as the matrix best fitting the dynamics
for 0 < k < T. The drawback of these methods is that they
require the knowledge of the time-sequence for observations
made, and to store a sufficiently long subsequence of opinions
z(k), =(k+1),.., z(k+ M — 1). This knowledge may be
difficult to obtain in general and the collection may involve a
large amount of data. The loss of data from one of the agents
in general requires to restart the experiment. Moreover, the
system is usually updated with an unknown interaction rate
and the interactions time between agents are not observable
in most scenarios, as in [25], [26]. In this paper we adopt
the second method, where the history of agents’ opinions
is not required and the interactions are not limited to any
prescribed number of rounds. Similar to the experiments from
[22], the agents interact until their opinions stabilize and the
identification problem considers only the initial and the final
opinions.

Compared to the methods previously introduced in litera-
ture, our inference method is innovative in the following sense.
First, it is applicable to large networks since it uses a number
of topics that is strictly smaller than the size of the graph,
exploiting the sparsity of the graph structure. The strategy does
not assume partial knowledge of the support of the social graph
and it does not consider an optimized placement of stubborn
agents injecting inputs that affect the natural behavior of the
opinion dynamics as in [22].

More precisely, we formulate the network sensing prob-
lem as a sparse recovery problem using the popular ¢/¢;
minimization technique. Moreover, we prove theoretical con-
ditions guaranteeing the well-poseness of the problem (see
Proposition and, under the assumption that the initial
opinions are distributed according to a Gaussian distribution,
we derive sufficient conditions for perfect recovery using some
tools coming from compressed sensing (CS) theory [27]. It
is worth noticing that, in the classical framework of CS,
the sensing matrix is generally chosen by the user and is
independent of the signal to be recovered. As it will be
shown, in the considered problem the sensing matrix depends
on the unknowns and is dictated by the evolution of the
opinions. Although classical properties usually exploited to
guarantee perfect recovery, as Restricted Isometry Properties
(RIP, [28]), can be violated with high probability in some
regimes (see Proposition E]), we show that perfect recovery
is still possible with high probability, using the less known
Restricted Eigenvalue Condition (REC, [29]). More precisely,
in Theorem (1| we prove that the number of observed topics
sufficient for reconstruction scales only logarithmically in the
size of the network, linearly on the maximum degree of the
network, and depends on the maximum level of agents’ trust.
In Theorem [2] we show that this result can be extended
to models where the interactions are random and pairwise,

exploiting the ergodicity of the random process.

A preliminary version of some of the results appears in [1].
In this paper, we extend the results in [1] from both a theo-
retical and a practical point of view: the results are rigorously
proved for general graphs and for any level of agents’ stubbor-
ness. Moreover, the analysis is extended to models where the
dynamics are random and the interactions are pairwise [10].
The case where the level of agents’ stubborness is not known is
also discussed. Besides the extensive simulations on synthetic
networks, theoretical results and our findings are corroborated
through experiments on a real Facebook network.

This paper is organized as follows. Preliminary facts on
Friedkin and Johnsen’s model are introduced in Section [T
In Section the social influence identification problem is
formulated and its relation to Compressed sensing (CS) theory
is discussed. Then in Section [[V] the main contribution of the
paper is presented and in Section the inference problem is
then extended to models with gossip-interactions. Numerical
results and some examples are shown in Section Finally,
some concluding remarks complete the paper (see Section
VII).

II. PRELIMINARIES

Throughout this paper, we use the following notation.
Natural, nonnegative integer, and real numbers are denoted
by N, Z>¢, and R respectively. The sequence of integers from
1 to n € N is summarized by notation [n]. The symbol | - |
denotes the cardinality of a set. The vector with all entries
equal to 1 is denoted with 1. Given the vector v € R",
we define [|v]l, = (30, v;]?)"/? with p € {1,2} and we
denote the number of nonzero elements in v with ||v|o. We
say that v € R™ is k-sparse if ||v|lg < k. Given M € R"*"
and a set S C [n], we use the notation Mgs € RISIXISI to
identify the matrix obtained by taking the rows and columns
of M indexed by S. Analogously, the vector vg € RIS is
the vector obtained by v € R™ by taking the elements in the
set S € [n]. Given M € R™ ", we denote the minimum
and maximum eigenvalue of M with the symbols pimin (M)
and pmax(M), respectively. A matrix W is row-stochastic
when its entries are nonnegative and W1 = 1. A matrix
W is said to be Schur stable if the absolute value of all
its eigenvalues is strictly smaller than 1. We denote with
Diag : R™ — R™*"™/diag : R"*™ — R" the diagonal operator
that map a vector/square matrix to a square matrix/vector.
With this notation Diag(diag(W)) is the square matrix with
only diagonal elements in W. We write off (W) to denote
the square matrix with only off-diagonal elements in W, i.e.
off(W) = W — Diag(diag(W)). Given the matrix W, the
inequality W > 0 is intended element-wise.

A directed graph is a pair G = (V, ), where V is the set
of nodes and £ C V x V is the set of edges. We say that
G = (V,€&) is an undirected graph if (u,v) € £ implies that
(v,u) is also an edge in &. For each agent i, we denote its
neighborhood with AV; := {j € V : (i,j) € £}. A directed
graph G is called strongly connected if there is a path from
each vertex in the graph to every other vertex. A graph is said
d-regular if |N;| = d for all i € V. To any matrix W € RV*V



with non-negative entries, we can associate a directed graph
Gw = (V,Ew) by putting (i,7) € Ew if and only if W;; > 0.
The matrix W is said to be adapted to graph G if W;; =0 if
and only if (¢,7) € €. A path from u to v in G is an ordered
sequence of edges ((u,w1), (w1, ws),..., (we—1,v)). If such
a path exists, we say that v can be reached from u. We say
that v € V is a globally reachable node, it if can be reached
from every other node.

A. Friedkin and Johnsen’s opinion dynamics model

We introduce the Friedkin and Johnsen’s (FJ) model for-
mulated in the pioneering work [7]. We consider a set of
n agents ), whose interactions are described by a directed
graph G = (V, &), which we refer to as the social network. To
avoid trivialities, we assume that n = |V| > 1. We suppose
that there are m different discussions in the social network
and we assume that these issues are completely unrelated. We
assume that each agent i € V' is endowed with a state x¢(k)
which represents the opinion of agent ¢ € )V on /(-th issue
at time k € Zso. For instance if zf(k) € [~1,1], 1 may
represent extreme positive, 0 neutral and —1 negative belief
or opinion, respectively. We draw an edge (i,7) € £ if agent
j directly influences the belief of agent i. Let W € RV*Y be
a nonnegative matrix adapted to the graph G which defines
the strength of the interactions and A = Diag()\) be a
diagonal matrix with A € R™ describing how sensitive each
agent is to the opinions of the others, based on interpersonal
influences. We assume A; € [0, 1] for all ¢ € [n] and that W
is nonnegative, row-stochastic, and sparse, in the sense that
Wllo < n®.

The dynamics of opinions x¢(k) proposed in [7] evolves as
follows

2tk +1) = AWz (k) + (I — A)ub, (1)

with 2¢(0) = u*, u* € RY and for any £ € [m]. The values
uf = 2¢(0) are interpreted as the agents prejudices.
The limit behavior of the opinions is described in the

following result.

Proposition 1 (Opinion convergence). The following facts
hold:

1) if A = I and the graph is aperiodic and has a
globally reachable node, then the dynamics in leads
asymptotically to a consensus

zf(c0) := lim zf(k) = 1n ",
k—+o0
where T is the invariant probability of matrix W, (i.e.
T W=n").

2) if A # I and for any node v € V there exists a path from
v to a node m such that \,, < 1. Then, the opinions
converge to

2f(00) := lim af(k) = (I — AW)~ (I — A)u’.
k—+o00

It should be noticed that if G is strongly connected, then

the assumptions in Proposition |1| are satisfied.

Remark 1. Since W is stochastic and nonnegative, it can
be easily seen that if the initial opinions are at consensus,

u’ = B1 then also z*(k) = B1 for all k € Z>q. Moreover,
under the assumption of Proposition (1] also the total effects
matrix V := (I —AW)~Y(I —A) is stochastic: this means that
the limit opinion of each agent is a convex combination of the
preconceived opinions of the group mf(oo) = Zj Vijug. As a
special case, the asymptotic opinion profile is a consensus.

III. SPARSE INFLUENCE IDENTIFICATION PROBLEM

Given the prejudices U = [u!,... ,u™] and final opinions
X (00) = [z!(c0),...,2™(00)], our goal is to find W from
the data.

As already noted in Remark (1} if the initial opinions are at
consensus, then also the final opinions are at consensus. In this
case the problem is not well posed, since any stochastic matrix
W is consistent with the data. Motivated by this consideration,
from now on we assume that for all £ € [m] there exists
i,j € V such that uf # uf.

From Proposition |1| we know that when there are no
stubborn agents (A = I) and under suitable requirements on
the graph associated to the matrix W, all agents’ opinions
converge to a common value, which is a convex combination
of the initial opinions with weights given by the invariant
probability of W. Then, it should be easily noticed that the
problem is not well posed in this case, i.e there are infinitely
many matrices that lead the dynamics in to the same value
of consensus. This fact is illustrated in the following example.

Example 1. Let A = I, and let W € R™*"™ be any doubly
stochastic matrix such that Gy is strongly connected and
aperiodic. Then, Perron Frobenius theorem [30)] guarantees
that

X(00) =117 X(0)/n=11"U/n,

where the last inequality follows from the assumption X (0) =
U.

On the other hand, if A = 0, then X(c0) = U and all
doubly stochastic matrices are consistent to the data. If \; = 0,
then agent ¢ is totally stubborn and is not influenced by any
other agent. Without loss of generality, in the rest of the paper
we suppose that A; # 0 for all i € V, A # I, and for any
node v € V there exists a path from v to a node m such that
Am < 1 (each agent is influenced by at least one stubborn
agent). Then for any initial profile the opinion dynamics leads
asymptotically to an equilibrium point that can be computed
from the weights, the obstinacy levels, and the initial opinions.

Also in this case the following system of equations
(I — AW)z(00) = (I — A)ut,
Wi=1,
W>0,A>0

2

admits an implicit ambiguity, as it is shown in the following
results.

Proposition 2. Let (A, W) be a solution of (2) then, for any
non-negative diagonal matrix D with D;; € [0, 1], the couple



(A, W') such that
N=1-DI-A)
off(A'W') = Doff (AW)
diag(A'W") =1 — D((I — A)1 + off(AW)1).
is a solution of (2).

The proof is given in Appendix A. It is worth mentioning
that if \; € {0, 1}, Proposition [2|is equivalent to Lemma 1 in
[22]. In absence of noise, the system in is consistent then
admits at least one solution. As already pointed out in [22],
Proposition 2 shows that the identification problem is not well
defined. In fact, the ambiguity described is due to the fact that
the information about the rate of social interactions is missing.
This ambiguity can not be removed without making any
additional assumptions. In particular, we have the following
result.

Corollary 1. If A is known, m > n, and the system in is
full rank then the problem in admits a unique solution.

Moreover the problem in (2) can be solved, e.g using linear
programming or any solver for convex optimization.

From now on we suppose that A is known and we consider
the more interesting case when m < n. It should be remarked
that, if also the matrix A is part of the learning, we must
define an invariant quantity among the ambiguous solutions,
by defining equivalence classes and resolve the ambiguity for
instance by imposing constraints on diag(W). This is further
discussed at the end of Section

A. Sparse identification problem

We start from the observation that a social network is
typically sparse, in the sense that the interactions among the
agents are few if compared to the network dimension. Given
A, U, and X (c0), this leads us to estimate the social influence
networks solving the following /y-minimization [31]:

AWT =BT,
min ||Wo, st. S W1 =1, 3
WERnxn
W > 0.

with A = X (00) T, B = A7'[X(c0) — (I — A)U]J.

It should be noticed that this problem is separable into n
subproblems, since each row of W = [w],...,w,}]T can be
learned independently from the others. More precisely,

AU}]‘ = by,
min ||w; st. {1 Tw,; =1 4
w; ER™ JHO’ Wi ’ @
wj 2 0

where b; equal to j-th row of B for every j € [n].

The reachability of each node from a stubborn node is an
assumption that the true network must satisfy to guarantee the
stability of the affine dynamics in and the existence of the
final opinion profile. However, as it should be noticed in the
optimization problem , this constraint is not imposed in the
recovery problem.

B. Relation to compressed sensing

The optimization problems in (4) can be seen as a sparse
recovery problem starting from compressed measurements
[31], a problem also known as Compressed Sensing (CS) under
positivity constraints. It should be noticed that in the consid-
ered regime (m < n), the linear system is underdetermined
and admits infinitely many solutions. However, a sufficient
condition for recovery can be derived exploiting the sparsity
of the desired solution and using the notion of spark of a
matrix [32].

Definition 1 (Spark of a matrix). The spark of a given matrix
A, denoted with spark(A), is the smallest number of columns
from A that are linearly dependent.

When dealing with sparse vectors, the spark provides a
complete characterization of when sparse recovery is possible.

Proposition 3. For any vector b, there exists at most one
vector w such that b = Aw if and only if spark(A) > 2||w/|o.

The interested reader can refer to |32} Theorem 1.1] for the
proof.

Computing the spark of a matrix involves checking the
dependence of combinations of columns. Testing the condition
in Proposition (3| is computationally expensive for practical
purposes, as it requires a combinatorial search. Moreover each
of the n problems of the form is NP-hard. For this reason
we consider the /;-based relaxation.

IV. RECOVERY VIA CONVEX OPTIMIZATION
The convex relaxation of (4), i.e.

ij = bj,
i ; A Tw; =
wrjnel]%" ”wJ”la S 1 Wi 1, (5)
wy > 07

has been extensively studied and the literature proposes a
large amount of algorithms to solve it efficiently [32]. It is
well known that under certain conditions on the matrix A, the
number of measurements m, and the sparsity of w;, both
and (5) have the same unique solution [31]. Much of the theory
concerning explicit performance bounds for CS considers the
Restricted Isometry Property (RIP) that characterizes matrices
which are nearly orthonormal, at least when acting on sparse
vectors [28].

Definition 2 (Restricted Isometry Property). Ler A € R™*™,
Suppose that there exists a constant 65 € (0,1) such that

(1= 0)l2ll3 < [|A2]3 < (1 + 8)ll=113-

Jorall z€ X, ={z € R" : ||z]lo < s}. Then, the matrix A is
said to satisfy the s-restricted isometry property with restricted
isometry constant 0.

Denote with Ag the matrix with columns indexed by S C
[n]. It can be shown (see [28]) that, if a given matrix satisfies
the RIP of order 2s with a constant d € (0,1/(v/2 + 1)),
then one can uniquely recover a s-sparse vector from . It
is straightforward to see that

(1 - 63) S ,umin(A:S‘rAS) S Mmax(A:S‘rAS) S (1 + 55)



and, consequently, it must hold

~ NmaX(AgAS )
fimin (A5 As)
for all S C [n] with |S| < s.
It is well known [28] that sub-Gaussian random matrices

with i.i.d. entries satisfy the RIP of order 2s with constant Jo
with probability close to 1 if

> CS 10 n
> <8
=52 %\ 5ss

where ¢ > 0 is a positive constant. It is worth noticing that, in
the classical framework of CS the sensing matrix is generally
chosen by the user and is independent of the signal to be
recovered. Here, on the contrary, the sensing matrix depends
on the unknowns and is dictated by the evolution of the
opinions. In fact, we notice that

A=X(c0)" =UT(IT - AT —-AW)"".

1 <2.

If the initial opinions are i.i.d Gaussian random variables, i.e.
u’ ~ N(0,m™I), then also A is a random variable. Intu-
itively, if A has small diagonal entries, Apax = maxX;cy A; &
0, and W is very sparse, one could in principle consider
A~ UT that satisfies the RIP with high probability. However
for not vanishing values of Ap.x < 1, A is a random variable
whose entries are coupled across rows in a peculiar way. This
makes highly nontrivial to apply standard proof techniques
from the compressive sensing literature.

From now on we suppose the following assumption holds.

Assumption 1. The initial opinions u*

according to N(0,1), for all £ € [m)].

on topic { are i.i.d

It is worth mentioning that the hypothesis on the Gaussian-
like distribution of the initial condition is a common as-
sumption in opinion dynamics literature [33]. This assumption
can be explained also by the following consideration: the
initial opinions are pre-averaged opinions, or several criteria
which are seen as independent random variables. Thus, the
distribution of initial opinions has a Gaussian-like shape due
to the central limit theorem [34].

Moreover, the assumption on the zero expected value and
identity covariance matrix is not restrictive. In fact we can
always rescale and shift the initial opinion in order to fit the
data to Assumption If u* have nonzero expected value, then
we can consider v’ — 7’1 and z‘(c0) = V(u’ — @*1) where
V' is the total effects matrix. Since the total effects matrix is
stochastic (see Remark then z¢(oc0) = 2(00) — 1.

In next proposition we show that the RIP condition can be
violated with probability close to one also for very simple
graphs. Formally, we have the following result, which is
proved in Appendix B.

Proposition 4. Let u’ ~ N(0,1) for all { € [m]. Then, for
an arbitrary set S C [n] of size |S| = s, defined Xgs =
Al Ag/m, with probability greater than 1 — 2e~™/32 we have

HMmax (ESS)

Nmax(i,S'S) 1
3 pmin(Ess)

ﬂmin(i,S'S)

>
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Fig. 1. Lower bounds on condition number of Cayley graphs: different curves
correspond to graphs with different degree d. The sensitivity parameter is set
to A = 0.8 and the size of the nertwork is n = 150.

where ¥ = (I — AW)~ (I — A)2(1 — AW)~ .

In Figure |I| we show the condition number of Xgg with
A = X, A\ = 0.8, and W corresponding to the weighted
adjacency matrix of Cayley graphs for several degrees. One
can notice that the condition number of X gg is above 3 for
all values of |S|. As a consequence, this result points out that
a necessary condition to hold the RIP is not satisfied for high
values of A. For this reason, we need to resort to more powerful
tools. It is shown [31] that a necessary and sufficient condition
in order to guarantee the recovery via (5) is the nullspace
property. More formally,

Definition 3 (Null Space Property (NSP)). The matrix A €
R™"™ satisfies the NSP of order s if, given

C(S) ={n e R": [Inselly < lInsll1},
C(S) NKer(A4) = {0}.
for all index set S with |S| < s.

Proposition 5 (Theorem 1 in [31]). Let A € R™*™, The
optimization problem {min ||z||y : Az = b} uniquely recovers
all s-sparse vectors z* from measurements b = Az* if and
only if A satisfies the nullspace property with order 2s.

Definition 4 (Restricted Eigenvalue Condition (REC)). We say
that a matrix A satisfies the REC of order s if there exists a
ds > 0 such that

1
—||4zI}3 2 21213

for all z € C(S), uniformly for all index sets S C [n] with
18] <'s.

It is straightforward to see that REC is equivalent to NSP.
For random matrices A with i.i.d. entries drawn from partic-
ular distributions or for unitary matrices, it can be shown that,
if enough measurements are available, then REC condition is
satisfied with the prescribed ¢ with probability close to 1 [35].
With these definitions at hand, we are ready to state the first



of the main theoretical results of this paper, whose proof is
reported in Appendix C.

Theorem 1. Let u* ~ N(0,1) for all ¢ € [m], W be row-
stochastic. If the number of considered topics satisfies the
following condition

(1 + Mmax)?(1 — Anin ) ©)
(1 — Apax)?

then the solution to (5) is unique and coincides with that of

with probability at least 1 — 'e=<"™, where ¢,¢’ and ¢’ are

positive constants, dmax = Maxyey [N (V)], Amax = max; A,

and Apin = ming Aj.

m > 4c

dmax logn

Remark 2. The condition in (6) emphasizes that the sensitivity
trust to other opinions cannot be too high: if Apax — 1
then the number of measurements needed for recovery diverges
to infinity. This is reasonable, since the final opinions are a
function of preconceived opinions and the network sensing
performance should depend on the strength of the influencing
power of the prejudices.

Remark 3. Our result shows that, as conjectured in [22]],
another important issue that affects the reconstruction perfor-
mance in Theorem is the degree distribution in the social
network. In this sense, if we have a fixed total number of
edges, it is easier to recover a network with a concentrated
degree distribution (e.g., the Watts-Strogatz network [36]])
while a network with power law degree distribution (e.g., the
Barabasi-Albert network [37]) is more difficult to recover.

Proposition 2 shows that if A is not known than the
identification problem is not well-posed. The ambiguity is due
to the missing information about the rate of social interactions.
This ambiguity can not be removed without making additional
assumptions. However, we can determine an invariant quan-
tity among the ambiguous solutions by defining equivalence
classes and resolve the ambiguity by imposing constraints on

diag(W).

Corollary 2 (Learning sensitivity matrix A). If A is unknown,
then the influence estimation can be cast as in with A =
[X(00) T, u; — xj(c0)] and B = U, where zj(c0),u; are the
column vector corresponding to j-th row of X(o0) and U,
respectively, with the additional constraint that w;; = 0.

V. SPARSE IDENTIFICATION IN FJ MODEL UNDER
GOSSIP-BASED COMMUNICATION

The pioneering version of FJ model is essentially based
on the assumption of synchronous rounds of interaction,
i.e. agents can communicate and revise their opinions in a
synchronous fashion. This is not a realistic assumption in many
contexts. As pointed out in [7], it is obvious that interpersonal
influences do not occur in the simultaneous way and there are
complex sequences of interpersonal influences in a group. A
more realistic opinion dynamics has been introduced in [10],
[38], assuming that only two agents interact during each step,
and extended to cases with correlated topics in [39], [40]. On
each step a communication edge is randomly activated with
uniform distribution from the interaction graph G = (V, E)

with influence matrix W and sensitivity matrix A = Diag(\).
If (¢,7) is selected at time k, then the i-th and j-th agent
update their opinions according to
zi(k+1) = N((1 — Wij)zi (k) + meﬁ(k))
+ (1= AiJug(k),
wf(k 4+ 1) = X (1= Wji)af (k) + Wil (k)
+ (1= Aj)ub(k).
wy(k+1) = 2((k) Vs # {i,j}.
Proposition 6 (Theorem 1 in [38]). If A # I and for any

node j € V there exists a path from j to a node m such that
Am < 1, it holds that

1) the expected dynamics converges and

2% = lim E[zf(k)]

k—o0

=((I=A)+ DA —W))"HT - A)ub;

)

2) the dynamics is mean-square-ergodic, that is,

li E P4 _ 21
i B[ (k) — 23] =0,

3
where
1 k
(k) = —— L.
o) = g Y )
k=0
where D is the degree matrix of G, ie., a diagonal matrix

whose diagonal entry is equal to the degree d; = |N;|.

In this case, the influence identification problem becomes
of the form in with

B=(I+A"'D—-A"'DA)X(c0) —A™'D(I - A)U.

(€)

We have the following results, whose proof is reported in
Appendix D.

Theorem 2. Let u* ~ N(0,1) for all { € [m] and W be
row-stochastic. If the number of considered topics satisfies the
following condition

(1 - AInin)2(1 - AInin + )‘max/dmin)2
dmax 1
(1 - )\max)4 Ogn
(10)
then the solution to () with A and B defined in (9) is unique

and coincides with that of with probability at least 1 —
X'e™X"™ shere x, X' and X' are positive constants.

m > 4y

VI. NUMERICAL RESULTS

In this section, we evaluate the performance of the pro-
posed method. In order to validate our predictions, we con-
duct several experiments, considering synthetic networks. The
Monte-Carlo simulations were obtained by averaging over 100
instances.

A. Learning sparse synthetic networks

We focus on regular graphs with degree d but similar results
can be obtained with the Erdos-Renyi graph with connectivity
p = d/n. At each instance of the Monte-Carlo method a
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Fig. 2. Regular graphs: Empirical reconstruction probability of regular graphs
with uniform weights as a function of number of topics under discussions.
Different curves correspond to different values of degree d € {3,5,7,9,12}.
The value of sensitivity is fixed to A = 0.6.

random graph G, 4 = (V, ) is selected from the ensembles
of d-regular graph with size n = 100 uniformly at random
|41]. The true influence matrix W* = Wén,d to be learned is
obtained by fixing W = 1/d for all (,5) € £ and W}; =0
otherwise.

To assess the quality of the reconstructed influence matrix
W we evaluate the normalized mean square error defined as
follows

NMSE = || — |3/ *|%

The recovery is considered successfully when the NMSE is
below 1075, As a first experiment we consider A = 0.61. In
Figure[2]the empirical probability of reconstruction is depicted
as a function of the number of topics considered in the infer-
ence problem. Several curves correspond to different values of
degree of the regular graph. Moreover, as to be expected, and
correctly predicted by @ the recovery performance degrades
as the degree of the graph grows. In all curves we can
clearly identify a transition phase: if the number of topics
is larger than a threshold, depending on the degree, then the
recovery will be successful. In [1], several experiments have
been carried out to study the effect of the sensitivity A in the
reconstruction. As to be expected from , for fixed value
of degree the empirical probability of reconstruction shows a
small degradation of the performance as A increases.

We now consider the case when the sensitivity parameters
are not known. The regular network and the influence matrix
is generated as before with n = 100 nodes and different
values of degree d € {3,5,7,9, 12}. The sensitivity parameters
A; are distributed according to a uniform distribution on the
interval [0.5,0.9]. Figure |3| shows the empirical probability
of reconstruction as a function of number of measurement
m € [1,100]. As pointed out in Discussion 1, there are
many solutions consistent to the data. In this case we define
equivalence classes and resolve the ambiguity by imposing
constraints on diag(TV) = 0. As it can be seen, the equivalence
class can be determined with high probability using a small
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Fig. 3. Regular graphs: Empirical reconstruction probability of regular graphs
with uniform weights as a function of number of topics under discussions.
Here, the sensitivity parameters \; are distributed according to a uniform
distribution on the interval [0.5,0.9] and are supposed unknown. Different
curves correspond to different values of degree d..

amount of observations, despite the lack of information on A;.

B. Reconstruction of real networks

We test now the prediction capability of our theoretical
results on a real large-scale online social network. We consider
the topology of the online social network, extracted from
Stanford Large Network Dataset Collection (see the database
in https://snap.stanford.edu/data/egonets-Facebook.html). This
dataset contains anonymized personal networks of connections
between friends of survey participants and was collected by
Facebook app. Such personal networks represent friendships
of a focal node, known as ’ego” node, and such networks are
therefore called “ego” networks. We consider Ego Network
of node 107, displayed in Figure [4] The size of the network
is |[V| = 1017, the number of connections is equal to
|E] = 26734. Then the total level of sparsity is given by
k= 1&|/|V|? = 0.0257 and the maximum level of sparsity of
the rows is dmax/|V| = 0.2495. The color of the nodes reflects
the degree centrality. More precisely, the maximum degree is
dmax = 253 and the average degree is 53. The distribution of
the degree follows a power law decay and few people have a
large number of degrees and the majority have small number
of degrees.

Also in this case the influence matrix W* is obtained by
fixing W, = 1/d; for all (4,j) € £ and W = 0 otherwise,
where d; is the degree of node ¢ € V. The sensitivity matrix
is fixed A = AI. In order to recover a strongly sparse graph
structure, we threshold the small entries of the learned matrix,
by discarding the entries of the recovered adjacency matrix
that are smaller than a predefined threshold of 10~3. Figure
depicts the recovered network obtained with m = 600
observations. In this case A = 0.7 and the NMSE = 6.06-10°.

In Figure |§| the empirical probability of reconstruction is
depicted as a function of the number of topics considered
in the inference problem. As before, the recovery is consid-
ered successfully when the NMSE is below 1075. Several



Fig. 4. Ego Network of node 107: Original network with size n = 1019.
The color of the nodes reflects the degree centrality.

Fig. 5. Ego Network of node 107: Reconstructed network from from m =
600 observations. The sensitivity matrix A = 0.77 and NMSE = 6.06-10~°.

curves correspond to different values of sensitivity parameter
A € {0.5,0.6,0.7,0.8}. In all curves we can clearly identify
a transition phase: if the number of topics is larger than a
threshold, depending on the degree, then the recovery will
be successful. For example, if A < 0.7, the observation of
opinions on 600 (corresponding to around 2.6d,,,.x) topics are
sufficient for perfect recovery with probability one. If A = 0.6,
then we can recover perfectly with probability equal to 0.7.

VII. CONCLUDING REMARKS

In this paper, we have presented a framework for learning
the sparse influence matrix starting from the observation of
the opinions in a social networks, where the agents are not
completely open-minded and are persistently influenced by
some prejudices. Under the assumption that the initial opinions
are independent and identically distributed as a Gaussian
distribution, we derive conditions on parameters of the FJ
model that guarantee perfect recovery. Experimental results
confirm the usefulness of the proposed algorithm in recovering

1 . . b
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09 —— X = 0.6
0sl A=0.7
Tl ——X=038
01f
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Fig. 6. Ego Network of node 107: Size of network n = 1019. Empirical
reconstruction probability with uniform weights as a function of number of
topics under discussions. Here, the topics are independent. Different curves
correspond to different values of sensitivity A € {0.5,0.6,0.7,0.8}

a meaningful graph topology and in leading to better data
understanding and inference.

In [39], [40] the FJ model has been extended in order to
take into account interdependent issues under discussions. We
point out that also in that setting the identification problem can
be cast as a compressed sensing problem. However, proving
the REC condition for the sensing matrix A in that case is
not an easy task. In fact, even if the entries of U are i.i.d.
with Gaussian distribution, the ensuing sensing matrix A fol-
lows a so-called matrix normal distribution. This complicated
distribution makes it difficult to apply standard techniques,
usually exploited in CS literature, to provide theoretical recon-
struction guarantees. The study of specific instances in which
reconstruction properties can be theoretically guaranteed will
be the subject of future work.
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APPENDIX
A. Proof of Proposition

The existence of (A, W) is guaranteed from Proposition

1| The first constraint in is satisfied by (A’,W’) for an
y

arbitrary diagonal matrix D:
ANW'z(o0) + (I — AN)u
= A'W'z(c0) + D(I — A)u
= [Diag(diag(A'W")) + off(A'W’)] x(00) + D(I — A)u
= [Diag(1 — D(({ — A)1 + off (AW)1))
+Doff (AW)] z(c0) + D(I — A)u



=[I-D(I—-A)+AI —-W)]z(co)+ DI — A)u
=[I — D+ DAW]|z(cc) + D(I — A)u
= (I — D)x(c0) + D(AWz(00) + (I — A)u) = z(00).
where the last equality follows from AWz (oo) + (I — A)u =
x(00). The second constraint also is satisfied: if A}, # 0 for
all ¢ € [n], then
W'l = [Diag(diag(W’)) + off(W')] 1
= [A""'Diag(1 — D((I — A)1
+off (AW)1)) + A’ ' Doff (AW)] 1
= [N~ 'Diag(1 — D((I — A)1 + off(AW)1))
+A "' DAofE(W)] 1
= [N~ 'Diag(1 — D(I — A)1)] 1
=1.

It is also obvious that the third condition W’ > 0 follows from
A>0and W > 0. O

B. Proof of Proposition

If u® ~ N(0,I) then x‘ is an affine transformation of
x’. Therefore, z‘ ~ AN(0,%) with covariance matrix ¥ =
(I — AW)~Y(I — A)*(I — AW)~T. Let now u and v be
the eigenvectors corresponding to fimin(Xss) and pimax(Ess)
with unitary norm, respectively, and build the corresponding
vectors w,v € R™ such that ug = u, uge = 0 and vg = v,
Uge = 0. Since the rows of A = [a{,...,a,)]" are such that
a; = X12¢; with §; ~ N(0,1), then

) m

m m

| 1 - 1 ~
A = — Y el @ = — S (¢ )

i=1 i=1
1 m

- ,UJmin(ESS) <TTL Zl ylz)
i=

where y; = (;'u ~ N(0,1). Equivalently, it can be shown
that

an

12)

7||Av||2 - Nmax ESS ( Z%) )

with y; ~ N (0,1). From Bernstein’s inequality [42] we have

1m
p(
m:

>oyi-1
=1

2 t> S 2e—mt2/8

from which, choosing ¢ = 1/2,

( <= Zy < 3/2) >1— 2"/,

Combining this bound with and we conclude that
at least with probability 1 — 2e_m/ 32 the following inequality
holds

Nmax(A—SrAS) il HAU||2

Mmin(A—SrAS) B »,LHAUHQ

1 Mmax(ESS)
3 ,umin(ZSS)

C. Proof of Theorem([I]

The following lemma will be useful to prove Theorem In
particular, it guarantees that, given a Gaussian matrix with i.i.d.
Gaussian rows, whenever the covariance matrix satisfies REC
of order s, then also the sample covariance matrix satisfies the
same property if the number of rows is sufficiently large.

Lemma 1 (Restricted Eigenvalue Property). Let A € R™*"
be a matrix with i.i.d. N'(0,X) rows. Suppose that 3. satisfies
the REC of order s with parameter § and let p*(¥) =
max; X;;. Then, for universal constants ¢, ¢, ¢”, if the sample
size satisfies

4p°(2)

52

then & = ATA/m satisfies REC with parameter 0/8 with
probability at least 1 — c'e=<"™.

m>c

slogn,

We refer the reader to [29] for the proof of this claim. We
are now ready to prove the recovery theorem.

Proof of Theorem || I If u ~ N (0 I) then z* is an affine
transformation of u’. Therefore, z ~ A(0,%) with covari-
ance matrix ¥ = (I —AW)~Y(I —A)?(I — AW)~ . It should
be noticed that X is real, symmetric and definite positive.
Moreover, for any S C [n] we have fimin(Xss) > fimin(2)
and

fomin (Z) > ”IIll‘ln 2T (I — AW) NI — A>T —AW)~T
> (1 = Amax)? ”m”m1 2T (I = AW) YT —AW)~T
= (1 - Amax) Tn

with

vt = ”rrlllax1 o (I = AW)T (I — AW)v

= masx (1= AW)o|[* < 1 AW

< (14 Amax[WD? < (1 4+ Amax)?-

Therefore, fimin(X) > (I — Amax)?/(1 + Amax)? =: 62
Moreover, the maximum variance is bounded as follows

P*(¥) = max X;
J

7maxz 17)%

< (1 = Amin) maxz (= AW) el = AW) ™ Ty
(=1

[(1 = AW) ™ el (I = AW) ™ Ty

= (1 = Amin) maxz (1 — AW) ™Y e[(T — AW) 1)

(=1
00 2
= (1= Amin maXZ(Z AW) )
¢=1 \k=0
< (1~ Aumin maxZZZA’:;fz [WH] e [WH e
(= 1k Ok’
= (1 = Amin maxzzwk’z W [WH 50

k=0k'= (=1



As W is a nonnegative and row-stochastic matrix, then WP is
row-stochastic for all p € Z>, and we obtain

)? max Z Z yik U (= Amin)® Ami“)z.
mln max (1 _ /\max)2

k=0 k’'=0

P(E)<(1

Applying Lemma!with 5 = dmax and using bound on p?(X)
we conclude the thesis.

D. Proof of Theorem

If u* ~ N(0,1) then x¢ is an affine transformation of wu*
and z ~ N(0,%) with covariance matrix given by

Y = [I-A+D AI-W)| L (I=A)?[I-A+DTA(I-W)]~

It should be noticed that ¥ is a real, symmetric and positive
definite matrix. Let us denote its eigenvalues vy; > ... > v, >
0. We thus have for any S C [n]

ﬂmin(ZSS) > Mmin(z) > (1 1

- )\max)%yn

vt = vaHaX (I —A+ DA —W))v|?
< = A+ DA - W))|?
< (1= Amin + 2Amax/dmin)’
We thus have
pmin(2) = (1= Amax)*/(1

Moreover the covariance matrix has maximum variance

PP(2)

= max 1—X)?
jZ; ¢)

- )\min + 2)\max/dmin)2 = 52~

= mjax i

([(T = A+ D 'A(T—W)) 1;0)

< (1 - mln maxz Z A(I - Dil(I_ W)))k}]f
£=1 \k=0
< (1 = Amin) maxz Z )‘rkrjz;)]i Z Mk]ﬂ[Mk/]ﬂ
k=0 k'=0 =1
with M = I — D7Y(I — W) Since W is a nonnegative

matrix and row-stochastic, then also M¥ is row-stochastic and
P2(2) < (1 = Anin)?/(1 — Amax)?. Applying Lemma we
conclude the thesis.
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