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Abstract

The aeroelastic behavior of a flexible plate subjected to a uniform axial flow is
investigated in the presence of ground effect due to a rigid plane placed parallel
to the initial plate position. The ground effect reduces the flutter inflow velocity
as it occurs for wings and strengthens the possibility of using the flag for extract-
ing energy from winds and currents. The numerical analysis is carried out as-
suming that both the unsteady potential incompressible flow and the plate can be
described with 2D models, a lumped vortex panel method and a nonlinear Euler-
Bernouilli beam model, respectively, without losing the essential features of the
fluid-structure interaction. Asymmetry of post-critical behavior (limit-cycle os-
cillations) and sensitivity of the results with respect to the main flag parameters
(distance from the ground, mass ratio and damping) have been also considered,
including also energy splitting over the identified proper orthogonal modes. The
investigated reduction of the flutter velocity in ground effect has been also con-
firmed with preliminary experimental tests relative to a polypropilene flag with
and without a rigid panel placed at one-chord distance.
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1. Introduction

The flutter of a plate clamped at the leading edge (LE) and subjected to a uni-
form axial flow is an amazing and challenging problem from several points of
view. First of all, it is a thorough example of fluid-structure interaction, and in
particular of aeroelastic instability. It is relatively more complex than flutter of
wings (Theodorsen (1935)) or panel flutter (Dowell (1966)) but rather easy to test
in a wind tunnel (see Watanabe et al. (2002a)). This problem was not tackled as
it has been done recently until some applications were focused like oronasal snor-
ing (Huang (1995)), paper flutter of printing machines (Watanabe et al. (2002a)),
energy harvesting devices (Tang et al. (2009), Doar and Michelin (2011)) and
further applications may be hopefully found as mathematical modelling of some
instability phenomena in nature takes place (see, for instance, some cases of the
wind-plants interaction discussed by De Langre (2012)). A second reason for ad-
dressing this problem is its intrinsic nonlinear nature. Due to its high flexibility,
the structure experiences large amplitude oscillations which increase the bend-
ing stiffness of the plate and determine the nonlinear dependence of the restoring
force on the displacement. Due to the relevant variation of boundary conditions,
aerodynamic forces can not be linearized as well. The overall behavior of the cou-
pled system, parametrically dependent on the flow velocity, exhibits a transition
from the zero equilibrium solution (stable fixed point) to stable periodic oscilla-
tions (limit cycle) following different bifurcation scenarios (Tang and Paidoussis
(2007), Alben and Shelley (2008), Eloy et al. (2012)). The system dynamics
generally shows a pitchfork type Hopf bifurcation also if in some cases knee-like
bifurcations may occur (see, in particular, Eloy et al. (2012)). A third reason that
pushes researchers toward this problem is connected to the possibility of using the
fluttering plate for extracting energy from the flow, i.e., as an energy harvesting
device (Doar and Michelin (2011), Tang et al. (2009)).

Next, the term plate will be preferred to underline the structural aspects, and
the term flag will be preferably used instead if aerodynamical or aeroelastic issues
are pertinent. The reader is also referred to Tang and Paidoussis (2007) for a
clarification about the different names used for denoting this flexible and waving
structure, i.e., plate, flag, sheet or strip.

One of the key points for using the flag as an energy harvesting device is the
onset of self-sustained oscillations. For a given flag, it depends on the inflow
speed V' which has to be larger than the critical velocity, also named linear flutter
speed Vp r. If the bifurcation is subcritical up to small amplitudes and turns to be
supercritical for larger ones (knee-like bifurcations), the stable limit cycle (LC)



may start at a velocity lower than the linear flutter velocity. The velocity at which
this phenomenon occurs is called nonlinear flutter velocity V. This may imply
that, for an inflow velocity such that Vyr < V < Vi, a sudden and temporary
change of velocity direction (like a vertical gust see Dessi and Mastroddi (2008))
can be sufficient for exciting the LC oscillations (LCOs). The effect of flexibility
of the flag support has also a positive effect on diminishing the linear flutter speed
as shown by Tang et al. (2009). In fact, the authors showed that the flutter velocity
decreases with the spring stiffness modelling the flexibility of the strut.

In this paper we intend to explore another mechanism for reducing the flutter
speed, which is provided by the presence of a rigid flat plate placed close and
parallel to the flag at rest. This rigid plate may represent a wall if the flag is placed
in vertical position or the ground if the flag plane is horizontal (in the latter case,
there is an immediate similarity with the problem of wings flying close to the
ground). There have been several numerical evidences in the case of 2D and 3D
lifting surfaces (e.g., see Nuhait and Mook (2010) and Dessi et al. (2012)) that the
so-called ground effect (GE) makes the flutter speed to reduce. The GE is different
with respect to the confinement effect provided by a channel flow and discussed
by Doar et al. (2011). In the latter, the rigid panels are still aligned with the inflow
velocity but orthogonal to the flag plane. The decrease of the flutter velocity is due
to the fact that the channel makes the flow mainly two-dimensional, and numerical
simulations shows that 2D analysis predicts flutter at lower speeds with respect to
considering the problem in 3D.

The investigation of flags in GE is herein carried out with numerical simula-
tions adapting to the present case the approach developed by Tang and Paidoussis
(2007) for the 2D analysis of elastic plates subjected to axial inviscid and incom-
pressible flow in an unbounded domain. The unsteady lumped vortex method
(Katz and Plotkin (2001)) is then used for the calculation of the aerodynamic
force acting on the flag contour along with the method of images for imposing the
impermeability condition on the straight line representing the ground. From the
structural point of view, the Euler-Bernouilli beam model with geometrical non-
linearities due to curvature and with a Kelvin-Voigt damping model is considered
appropriate for describing the 2D motion of a plate section. To evaluate the GE on
the flag dynamics, a sensitivity analysis of the dependence of the critical velocity
Vir and of the LCO amplitudes with respect to the ground distance A, is carried
out. The nonlinear analysis focuses on the LCOs of the generalized coordinates
and of the TE point as a representative point on the physical flag. Asymmetry of
bifurcations due to breaking of aerodynamic symmetry by the ground is presented
and discussed. Proper orthogonal decomposition (POD) is also applied to the flag
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self-excited oscillations and the energy of the identified modes is related to the
inflow velocity and to the distance from the ground. Some experimental tests
concerning the flutter behavior of the flag were also carried out and preliminary
results confirming the decrease of flutter speed in GE will be presented. These
tests used the towing tank carriage running over a long water basin (500 m) for
carrying on the experimental setup (flag plus support) so as to be subjected to
the apparent wind velocity. Coming back to the modelling of the flag behavior,
two cases have been considered because of the sensitivity of the flag dynamics
to the damping and the mass ratio: the first one has a mass ratio equal to that
of the tested physical flag and the second one, already considered by Tang and
Paidoussis (2007) in infinite domain, allows highlighting to a greater extent some
nonlinear characteristics.

2. Modelling and numerical methodology

2.1. Equation of motion of the plate

In Fig. 1 the main geometrical and kinematic parameters of the rectangular
flag are defined. The length of the plate in the downstream direction is denoted
with ¢ (also indicated as the flag chord in the following), b is the transversal length
(or the flag span), ¢ denotes the plate thickness. The reference system is set so as
the plate at rest lies in the plane (Z,y) and the undisturbed velocity direction is
parallel to the unit vector €;. Focusing on the plate section obtained with the plane
y = const, the components of the displacement « in the €] and €3 directions are
u(s,t) and w(s, t), respectively, with § and ¢ the curvilinear abscissa and the time.
In the perspective of exploiting large amplitude oscillations for energy harvesting,
the plate has to be very thin, i.e., § < ¢. The condition b/c¢ > 1 which is required
for describing the plate motion with a beam model (geometrically, a longitudinal
section along the z direction) is not matched in the present application. Nonethe-
less, in axial flow conditions, the plate mainly bend around the y-axis. Thus, with
b/c = O(1), the induced loads allow using a 2D description for both the fluid and
the structure with a satisfactory accuracy. The structure is then modelled as an
Euler-Bernouilli beam (§ < ¢) with nonlinear terms accounting for the increase
of the stiffness under large deformations. The type of boundary conditions (v = 0
at the LE) determines that the strain € on the mean plate surface is negligible and
inextensibility of the plate can be assumed. The structural model adopted in this
investigation is the same used by Tang and Paidoussis (2007) for the flag and pre-
viously introduced for a similar problem (pipes conveying fluid) by Semler et al.
(1994).
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Figure 1: Main geometrical parameters and kinematic variables

Under the hypotheses previously stated, the equations of motion of an Euler-
Bernouilli beam subjected to large displacements can be obtained by using the
Hamilton principle and a Lagrangian function with a Lagrange multiplier for im-
posing the inextensibility condition on the mean plane. Thus, the Lagrange func-
tion for unit span length ¢ is:

E:%{m(ufthf)—(EA52+D52)+)\[1—(1+U8)2—w2}}> M

where m the mass per unit length, F is the Young modulus, A the area of the beam
transversal section, D the bending stiffness, € the strain, « the curvature and A the
Lagrange multiplier. The subscripts indicate derivation with respect to the written
variable. The advantage of this formulation lies in the fact that more complex
material can be described just by adding new terms. It is worth recalling that both
the strain € and the curvature « for large displacements have a dependency on both
the displacement components % and w:

e=\/(1+ud)+wi-1, k= s (1 +_u‘°_’2 — tfgugg, 2)

(1+ us)” + w?

The above relations, once substituted in Eq. 1, makes the computation of the
derivatives appearing in the Lagrange equations cumbersome. Therefore, it is



convenient that the expressions for both curvature and strain are expanded in se-
ries. In performing this approximation, the critical point is to retain terms up to
the same order uniformly.

Moreover, thank to the inextensibility condition, the horizontal displacement
u(z,t) can be eliminated from the equations. Next, the following non-dimensional
quantities are defined:

T z U W S hg t
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where, in Eq. 4, the symbols denoting the structural frequency and damping, the
lift and the drag force, respectively, appear in non-dimensional and dimensional
form. Thus, the final equation in the vertical displacement w alone is, in non-
dimensional form,
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The form of Eq. 5 allows solving this equation with Galerkin projection over the
first M dry vibration modes of a clamped-free plate. Thus, assuming:

w(z, t) =Y qu(t)tn() (7)

the form of the ‘modal’ equations is:

Gn + An qn + aAndn + Bhimnt Gm@n@ + ¢ Bhmnt (Gm@n@ + @mGn@ + ¢mandi)
+ChngQm (QnQI + QnQI) = fh7 (8)

with Aj, the linear part, By, and Chyy,py 3-rd order tensors providing the coeffi-
cients of cubic terms. In particular, comparing Eq. 8 with Eq. 5, the coefficients
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Figure 2: Distribution of lumped vortices along the body contour and the wake.

Ay, and By, are the linear and nonlinear part of the stiffness, respectively, the
coefficients a A;, and a By, represent the linear and nonlinear part of the damp-
ing, respectively, because damping proportional to stiffness has been chosen. It is
worth noting that the term Cj,,¢m (4nG1 + ¢ Gy) is due to the elimination of the
variable w since structural mass is not initially time depending (added mass effect
are accounted for in the expression of aerodynamic forces).

2.2. Model of the fluid flow

This section addresses the mathematical description of the aerodynamic loads
on an oscillatory flag section in GE as a first step for defining its comprehensive
aeroelastic model (see Fig. 2). The flow is assumed to be incompressible, inviscid,
and initially irrotational. Therefore, the formulation is based on potential flow
theory. As stated before, for sake of simplicity, the flow is also assumed to be
two-dimensional without compromising the essential features characterizing the
fluid-structure interaction. Under these hypotheses, the conservation of the flow
mass becomes,

Vo =0, 9)



where ¢(Z, ) is the flow potential perturbation, and # = {x,z}* the vector of
space coordinates. The impermeability on the flag contour Cp,q, and on the ground
straight line Cyouna (see Fig. 2), yields:

B - ﬁ, T e Cbody and g—z =Up- -1 = 0, T e Cgmund,; (10)
where v is the flow velocity, v is the body vector velocity and 7 the local out-
ward normal vector to the body. Since the flow is considered unperturbed at large
distances 7 from the body, the perturbation potential ¢ is imposed to be zero at
infinity, i.e.,

p—0 as 1 — Q. (11)

The wake shed by the trailing edge of the airfoil is considered as a contact discon-
tinuity from an aerodynamical point of view. Geometrically, its configuration de-
pends on the point where the vortex is released by the trailing edge and convected
downstream with the free stream velocity. Recalling the linearized Bernoulli the-
orem, the condition upon the wake C,,qx. reduces to

D,Ap
Dt

0 7€ Cuake (12)

where D,,(-)/ Dt accounts for the total derivative along the wake C,qx. With the
convective velocity v, which is the average between the upper and lower velocity
at the contact discontinuity. Assuming that . is zero, Eq. (12) states that in an air
frame of reference the quantity Ay does not change in time and keeps constant
whenever shed by the flag trailing edge.

Equation 10 can be specialized furthermore. The flow velocity v is the sum
combination of the self-induced velocity and the free-stream velocity vU:

Up = Voo + Uy + U, (13)

where v, and v, represent the contribution of the body and the wake, respectively,
to the self-induced velocity. Substituting Eq. 13 into the expression of the body
boundary conditions (Eq. 10) yields:

—

(oo + Ty + Ty) - 71 = U - 7. (14)

To calculate the aerodynamic forces on the flag, the 2D lumped vortex panel
method (LVPM, see Katz and Plotkin (2001)) has been implemented. The 2D



flag contour (see Fig. 2) is divided into N, rectilinear elements (panels) includ-
ing those placed on the rigid inlet. Additional elements are considered on the
wake but the number of these elements (/N,,) is variable depending on the wake
evolution after simulation have started. With respect to this discretization, let us
indicate with 7 the collocation point on the body and with j the lumped vortex.
For each panel. the discrete vortex is placed at 1/4 of the panel chord, whereas
the collocation point is assumed to be at 3/4 of the panel chord. From Eq. 14, the
body self-induced velocity relative to the element ¢ can be expressed as:

7 =50 + 5 — 7 (15)

When considering ground-effect, it is necessary to distinguish between the flow
perturbation in the collocation point ¢ due to the body vorticity and to its image.
Thus, ' ' 4
7 =5 + g (16)

with ﬁb(i) and Ub@ the velocity perturbation due to the body and to the image vortic-
ity, respectively. Next, the influence of the single 7 vortex on the normal velocity
at each collocation point will be accounted for. Taking the velocity component
normal to the body contour and assuming a unit-strength vortex for both the body
and its image, it follows:

o) om0 =50 7O+ 50 70 = AL + A7 (17)
with 7 = (sina®, cos a!?) and a® the local element slope. Since v; = ;+ =
—7;-, considering the contribution of all the vortices:

Nb Nb Nb .
Y AL =Y A= Ay =i, (18)
j=1 j=1 j=1

with A;; = A;; +A;;. The normal velocity component due to the motion of the flag
@ = (49 /Ug, w® JUR)) as well as the free-stream contribution (7 = (1,0))
are known from kinematic equations and will be transferred to the right-hand side
of the equation. The correspondence between vortex elements and structural mesh
will be addressed later.

The velocity induced by the last vortex shed by TE, ,, 1, 1S unknown as well.
Because of Kelvin condition, ,, ; accounts for the variation of circulation between



two successive time steps, say k£ + 1 and k, which need to be explicitly defined.

Thus,
Na
Z k’+1 _'_ k+1 k — ny‘;ﬂ’ (19)
j=1
with 7’““ the unknown intensity of the last released vortex and I'* the overall

circulation around the lifting body. Setting fy]’i,:ll fyfjﬁl, the previous equation is

simply recast as:
Na+1

Z k+1 _ (20)

Similarly, in Eq. 18, the unknown vortex strength has to be moved to the Lh.s..
The strength of the other wake vortices is known from the previous time steps and
their effect on the normal velocity remains on the r.h.s.. In particular:

70 =g + 5% 1)
with
1 v 2, — 2
=) — () @y _ j i T A
v, _(vw,vw)—— { }7 (22)
i Lwt? “3wt 2w;(zi—2j)2+(xi—xj)2 Tj —
1 & v 2 + 2 + 2h
=) — (,, () @)\ _ J i T Zj
vl =(v;, v = —— E ,
w = Vs V) 2m (Zi+2j+2h>2+(«ri_xj)2{ Tj — T }
(23)
where v( g - and o v i denote the components of the velocity induced by the wake

and its 1mage at the collocation point ¢, respectively (note that on the r.h.s. the
vector components are enclosed between brackets). Finally, the system of linear
equations to be solved is:

N,

STABT R L AR AR =50 7@ (24)
j=1

Ng+1

Z = (25)

The unsteady pressure field Ap(x,t) over the i-th panel can be obtained after
the vortex intensities have been determined with Eq. 24:

, 1 (0 , (@) . , A
Ap® = K ?]R +1+ Ul('L)u) cos o + <U_R - vg(@)u) sin a(l)} 1;
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UR o0 (; %) : (26)

where the dependence on the time step k& has been omitted for sake of simplicity.

2.3. Coupled system

The pressure field along the flag provides the lift force (f, = Apn - €3) and
the drag force (fp = Ap7i - €1 + Cp) in Eq. 5. Considering the discretized form
of the lift and drag forces, i.e.,

FO0 =ap D)@Y &), fO0) =apD)HED @)+ @

and projecting on h-th mode shape ), = {1/1,1 , wh ,...}T allows computing the
modal force f; on the r.h.s. of Eq. 8. We have implicitly assumed so far that there
is a perfect correspondence between the number of points /N used for describing
the structure (plate section), i.e., the 2D beam geometry, and the aerodynamic dis-
cretization with NV, vortex elements on the flag. Because of the modal approach,
there is no limitation in using more points in evaluating the mode shapes while the
number of panels have an impact on the computational cost of the aerodynamic
load as well as the number of wake panels. Assuming Ny = v N, with v an integer
(in the present calculations v = 5), implies that there are v + 1 structural points
for each panel. As the indexes labelling Ap and 77 in Eq. 27 vary over different
ranges, a uniform Ap is assumed over along the structural elements belonging
to the same panel (the lift and the drag force on each panel element will differ
because of different normal vectors). On the other hand, the computation at 3/4-
chord body velocity in each panel (see Uz in Eq. 15) requires a linear interpolation
on the structural velocity data.

The Houbolt scheme has been adopted as time-marching method for integrat-
ing Eq. 8 because, as already pointed out by Tang and Paidoussis (2007), is stable,
accurate and efficient also in presence of nonlinear inertial terms. Coefficients of
the time-marching method are those reported in Tang and Paidoussis (2007) and,
for avoiding numerical instabilities due to large added mass, the technique intro-
duced by Belanger et al. (1995) has been implemented. Comparisons with 4-th
order Runge-Kutta scheme shows that in the present case simulation time is halved
using the Houbolt routine.

3. Experimental set-up

Preliminary tests for verifying experimentally the beneficial GE in reducing
the flutter speed have been carried out at the CNR-INSEAN towing-tank basin.
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Figure 3: Experimental set-up: test section on the towing-tank carriage.

The experimental approach for the tests consists in exploiting the towing-tank
motion for generating an inflow velocity equal and opposite to the carriage speed.
The test section for the flag is placed on-board the towing-tank carriage usually de-
voted to tow the ship scaled models. The towing-tank carriage can reach speeds up
to 15 m/s but safe runs at high speeds covers no more than 2/3 of the 450 m basin
length. The test section, placed on the forward part of the carriage for minimiz-
ing blockage effects due to the carriage super-structure, is schematically shown in
Fig. 3. The flag is placed with the LE side parallel to the vertical direction so as to
avoid any initial deflection of the polypropylene flag because of gravity. The LE
of the flag is then attached to a thin metallic plate which provides the aerodynamic
inlet and plate clamping on one side. This thin plate is connected downward to a
thicker plate and then to a beam to provide a rigid connection not interfering with
aerodynamics. Wires are also used for limiting vibrations of the support.

The presence of the ground is mimicked by adding a rigid screen parallel to
the flag plane at rest. The flag motion is supposed to remain 2D sa as the edge of
the flag is representative of the whole plate motion. A screen is placed parallel to
the undeformed flag plane for simulating the presence of the ground. Two high-
speed cameras (DALSA-FALCON with a 1.4 Megapixel CMOS, 1024 x 1280
image resolution) dedicated to image acquisition were mounted above the flag for
recording the swaying of the upper plate edge. The acquisition frequency was set
to 200 H z and the acquired images have a spatial resolution of about 0.36 mm /pz.
It is worth underlying again that the experimental effort was devoted to verify
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through the analysis of the flag motion the effectiveness of the ground plate in
inducing flutter at velocities lower than those recorded without it.

4. System dynamics

4.1. Numerical parameters and initial conditions

The numerical results shown in the following will focus on the aeroelastic
behavior of the flag in ground effect. The behavior of the flag without the ground
(infinite domain) will be also considered for comparison. The latter can be also
treated as a particular case of the ground effect problem setting A sufficiently large
with negligible differences.

The characteristics of the plate for the numerical simulations have been cho-
sen to be similar to those relative to the polypropylene flag actually tested for ob-
taining an experimental evidence of the flutter speed reduction in GE. The main
dimensions are ¢ = 0.317m, b = 0.200 and 6 = 0.0005 with a rigid inlet length
lp equal to 0.044 m. The flag has a Young modulus £ = 1.4GPa and a density
ps of 910 kg/m? thus determining a mass ratio y = 0.76. Reasonable values for
the the damping ratio and the drag coefficient have been set to o = 0.025 and
Cp = 0.001. Due to the relevance of mass ratio ; and damping coefficient « in
determining the flutter characteristics of the flag, the plate configuration already
analyzed by Tang and Paidoussis (2007) (h = oo, it = 0.2 and o = 0.001) is also
reconsidered here in GE.

The initial condition was given by imposing at ¢ = 0 a deformation accord-
ing to the first bending mode, with no imposed velocity. The stationary solution
(either a fixed point or a stable LCO depending on the inflow velocity) can be
reached regardless the value of the first mode amplitude, as the preliminary in-
vestigation of the basin of attraction has shown. To speed up calculations, an
initial condition close to the LC was preferred beyond the critical flutter speed
with ¢;(0) = 1- 1072 and ¢;(0) = 0 for i > 1. For U < Upp, the value of ¢;(0)
was set to ¢;(0) = 1-107° for putting in evidence the instability of the fixed point
solution.

4.2. Onset of flutter and post-critical vibrations in GE for i = 0.76

One of the main achievement of the present investigation is the analysis of
the dependence of the critical inflow velocity speed Ur on the (nondimensional)
ground clearance h shown by Fig. 4. It is evident that, as long as h decreases, the
non-dimensional flutter velocity, U r(h), reduces, whereas for h — o0, it reaches
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Figure 4: Dependence of the flutter speed with respect to the distance from the ground (¢ = 0.76
and o = 0.025).

the value calculated with no GE. The non-dimensional flutter speed in infinite do-
main is Upp(o0) = 8.59 for the geometry and material properties considered here.
At h = 1, the reduction is about 1.3%, and at h = 0.25 the flutter speed is 11.4%
lower than the critical speed at h = oco. This result confirms the prediction made
by Dessi et al. (2012) about the the similar reduction of flutter speed experienced
by a plunging and pitching 2D wing profile in GE.

For U > Uy, stable LCOs appear as a consequence of the balancing between
destabilizing aerodynamical and stabilizing structural forces. In fact, large ampli-
tude deformations increase the flag stiffness and then the structural restoring force.
The snapshots of the flag motion at several time instants are depicted in Figs. 5
and 6 for i = 0.5. The amplitude of the motion (and so the mechanical energy ex-
tracted from the flow) clearly grows as U is increased from a near-critical velocity
(Fig. 5) to a post-critical regime (Fig. 6). It is evident also that the tip is forced to
move upstream due to the inextensibility condition and that the flag deflection is
not symmetric with respect to its undisturbed position. If the infinite domain case
is considered, the flag motion looks essentially the same apart the absence of the
mentioned slight asymmetry.

The overall motion w(z, t) depicted in Figs. 5-6 has been obtained as a linear
combination of the flat plate vibration modes (see Eq. 7). The time-histories of
the generalized coordinates ¢;(t) have been obtained from the integration of Eq.
8 with the Houbolt scheme. Thus, the explanation of the nonlinear behavior can
be sought in the analysis of the generalized coordinates ¢;(¢). For u = 0.76, the
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Figure 5: Snapshots of the flag motion for h = 0.5 and U/Upr = 1.01 (x = 0.76 and o = 0.025).
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Figure 6: Snapshots of the flag motion for h = 0.5 and U/ULr = 1.33 (x = 0.76 and o = 0.025).

generalized coordinate that exhibits the largest periodic oscillations is ¢;, as shown
in Fig. 7 for the case h = 0.5. Also g2 shows significant sinusoidal oscillations,
whilst g3 is subjected to comparatively small periodic oscillations. The periodic
behavior of ¢3 clearly shows superharmonics, which appear also in the infinite
domain case but are less pronounced. Next, the bifurcation diagram in Fig. 8
for the generalized coordinates is built considering separately the positive and
negative peaks for each simulation performed at different inflow velocities (in
case of g3, the highest peak in the period is considered). For all the velocity range,
¢1 and ¢y provide significant oscillation amplitudes, whilst the remaining ones
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Figure 7: LCOs of the generalized coordinates ¢i, g2 and g3 for h = 0.5 and U/Upr = 1.33
(u=0.76 and o = 0.025).
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Figure 8: Bifurcation diagrams relative to the generalized coordinates ¢;, g2 and g3 for h = 0.5
and U/Upp = 1.33 (u = 0.76 and o = 0.025).

scarcely contribute to the persistent flag motion. It is worth recalling that, since
the coupled system is not available in analytical form like it occurs, for instance,
for 2D aeroelastic theory of wing sections, no computation of critical (usually,
complex conjugate) eigenvectors can be carried out.

Next, the dynamical analysis focuses on the trailing edge (TE) deflection of
the plate as a representative point of the physical flag motion. The bifurcation
diagram shown in Fig. 9 (upper branch = positive peaks, lower branch = nega-
tive peaks) indicates that a near-parabolic dependence of the TE oscillations on
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Figure 9: Bifurcation diagram for oscillations amplitude at the flag trailing edge (4 = 0.76 and
a = 0.025).

h is present for almost all the considered ground clarences. However, a different
feature is present here with respect to standard Hopf bifurcations. Oscillations
amplitudes on the side far from the ground (positive peaks) are larger in absolute
value than those achieved in oscillations toward the ground (negative peaks). This
fact implies that Hopf bifurcation loses its symmetry with respect to the unsta-
ble fixed point solution (zero solution, the dynamical system is autonomous) as a
consequence of the unsymmetrical behavior of the flag. The reason of this asym-
metry lies not in the structural restoring force but in the different aerodynamic
force generated during the upward and downward oscillation cycles.

Additional considerations about this asymmetry can be made if new variables
are introduced. Next, let us define:

U=(U-=Urr)/Usr, (28)
W=1/2(W"-Ww") (29)
W=1/2(Wr+Ww"), (30)

where U is the normalized variation of the flow speed with respect to the flut-
ter speed, W is the peak-to-peak semi-amplitude of LCOs and W is the offset
(mean value) of oscillations with respect to zero. The analysis of the dependence
of W, W and W with respect to U shows some interesting features. In Fig. 10
the positive part of the bifurcation diagrams relative to the different ground clear-
ances in the original peak variable W collapse together for A > 0.5 (moderate
ground effect). In extreme ground effect and in particular for A = 0.25 signifi-
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Figure 10: Positive peaks (upper curves) and negative peaks (lower curves) at the flag trailing edge
with respect to the normalized flutter exceeding velocity (1 = 0.76 and o = 0.025).
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Figure 11: Bifurcation diagram for oscillations amplitude at the flag trailing edge (¢ = 0.76 and
a = 0.025).

cant differences appear. The bifurcation diagram (Fig. 11) in the new variable W
confirms the uniqueness of extreme GE with respect to moderate GE, pointing out
that an anticipation of the flutter regime is counterbalanced by an overall ampli-
tude reduction of LCO in the postcritical regime. The offset of the peak average
represented by W is represented in Fig. 12. The offset grows linearly with U,
except, again, for the extreme GE case h = 0.25.

Another feature to be carefully considered is the dependence of the frequency
of LCO with respect the distance from the ground. In particular, in Fig. 13, the
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Figure 12: Bifurcation diagram for LCO offsets at the flag trailing edge (¢ = 0.76 and oo = 0.025).

so-called flutter frequency, i.e., the LCO frequency at the critical speed, decreases
toward an asymptotic value as long as ground clearance grows. This evidence was
already highlighted also in the case of the aeroelastic typical section and is related
to the faster response induced on the coupled flag dynamics by the presence of
the ground. However, in the present case, variations are less evident (only 2%
increment passing from A = oo to h = 0.25).

In Fig. 14 the LCO frequency for flags at different ground clearances is plotted
versus the inflow velocity. The frequency increases with the inflow velocity and,
for the same inflow velocity, the frequency increases if the flag is closer to the
ground. These trends suggests a possible explanation for the significant reduction
of LCO amplitudes at very low distances from the ground (A = 0.25). The power
dissipated by the structure is proportional to (z,t)3, the vertical flag velocity,
which has a cubic dependence on w. Thus, this dissipated power grows as long
as h is decreased and this introduces a significant power take-off which stabilizes
the system at lower values of the LCO amplitude. This effect is however evident
only at h = 0.25, since a dependence of w(U) on h similar to that shown in Fig.
13 occurs.

4.3. Experimental evidence of flutter onset in GE

As mentioned before, some tests were carried out for providing an experi-
mental confirmation of the reduction of flutter speed in GE. This experimental
campaign was intended just for highlighting a flutter speed reduction in GE with
respect to the case without the ‘ground’ panel (vertical panel behind the flag, see
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Figure 14: Frequency of LCO with respect to the inflow velocity (4 = 0.2 and a = 0.025).

Fig. 3). Because of several uncertainties in modelling or measuring some physical
parameters (one for all, the effective inflow velocity) the experimental data cannot
be used for validating the numerical simulation results. The overall motion is rep-
resented with several pictures shown in Figs. 15-17 and taken at equally spaced
time instants with At = 0.015625s. The greyscale image has been inverted to
enhance the flag contour. The distance from the ground panel was equal to 0.13 m
and the towing tank speed is 6.05m/s. The depicted motion then concerns the
ground effect in post-critical regime, since the nominal flutter speed, set equal
to the speed of the carriage, is about 6.0m/s (see Table 1). In each figure, the
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Figure 15: Snapshots of the flag motion for h = co and U/Up = 1.325 (negative image).

images relative to three different time instants have been put together. For each
time instant, the side view of the entire flag is represented on the left part of the
figure, whereas a detail of the flag tip, recorded with the second camera, is shown
on the right part. The flag shows relevant periodic oscillations as expected, with
a period lasting about 0.140 s and clearly asymmetric with respect the rest plate
position. The correspondent frequency of motion in GE is about the same value of
the motion frequency relative to the unbounded domain case, that is experimen-
tally estimate around 7.14 H z. In fact, the uncertainty in the frequency estimation
with the recorded motion sampling do not allow finding out small differences with
and without GE.

The most relevant result of this experimental campaign is the reduction of
about 4.7% in the nominal flutter speed, bringing the velocity from 6.3m/s to
6.0 m/s when the ground panel is mounted. This percentage reduction, as well
as the flutter frequency, is close to the value predicted with theory for the case
u = 0.76. However, this is only an indication because other parameters in the
simulation can not be considered to be truly representative of the tested flag.

4.4. Sensitivity of flag GE to plate parameters

The way by which certain features characterize the flag dynamics in GE are
significantely affected by the mass ratio ; and the damping coefficient o. There-
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Figure 16: Snapshots of the flag motion for h = co and U/Up = 1.325 (negative image).

Figure 17: Snapshots of the flag motion for h = co and U/Up = 1.325 (negative image).

fore, it is instructive considering the case already treated by Tang and Paidoussis
(2007) setting i = 0.2 and o« = 0.004. However, since in Tang and Paidoussis
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Ground distance | Flutter speed
0.13m 6.0m/s
00 6.3m/s

Table 1: Data relative to flutter onset.
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Figure 18: Sensitivity of the dependence of flutter speed Uy, on the ground clearance h for several
plate parameters.

(2007) both p and « are different (and even the inlet length /), some intermedi-
ate cases will be also considered to appreciate separately the sensitivity to each
parameter.

The first comparison is relative to the sensitivity of flutter speed on the ground
clearance (see Fig. 18). It is worth noting that both a decrease in p (larger struc-
tural inertia force) and an increase in « (larger damping force) make the flutter
velocity grow, i.e., the system becomes more stable. Beside this main observa-
tion, it is worth noting that, as expected, there is also a slight effect of [y on the
flutter velocity, which grows as the inlet length is reduced. The effect of these
parameters on the frequency of flutter at the critical velocity follows the trend al-
ready highlighted before in Fig. 13: comparing two cases, if the flutter velocity
reduces, the flutter frequency grows.

The snapshots of the flag motion in the case ¢ = 0.2 and o = 0.001 (Figs.
19 and 20) can be compared with the snapshots obtained with © = 0.76 and
a = 0.025 (Figs. 5-6). Reducing both o and « leads to larger displacements and
curvatures also in an unbounded domain (Figs. 19 and 20) and to an enhanced
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Figure 19: Snapshots of the flag motion for h = coand U/Ur = 1.001 (1 = 0.2 and o = 0.004).
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Figure 20: Snapshots of the flag motion for h = co and U/Urr = 1.325 (x = 0.2 and o = 0.004).

asymmetry of motion (Figs. 21-22).

The explanation of the global behavior in terms of the overall displacement
can be found again in the generalized coordinates ¢;(¢). In Fig. 23 the time-
history of the generalized coordinates ¢;(t), ¢2(t) and ¢3(t) are plotted for the
case h = 0.5 and U/Upr = 1.33. It is worth noting that the asymmetry of the flag
motion is principally caused by the asymmetric oscillations of ¢ (¢), whilst LCOs
of go(t) keep being symmetric. Also g3(t) is not symmetric but its contribution
to the overall response is lower. It is also interesting noting that the presence of
superharmonics has grown with respect to the case 4 = 0.76. This evidence is
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Figure 21: Snapshots of the flag motion for h = 0.5 and U/ULr = 1.002 (u = 0.2 and o =
0.004).
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Figure 22: Snapshots of the flag motion for h = 0.5 and U/Urr = 1.333 (u = 0.2 and @ =
0.004).

shown in the bifurcation diagram for the generalized coordinates ¢; as well (see
Fig. 24).

The bifurcation diagram relative to TE displacement for ;1 = 0.20 is shown
in Fig. 25. To better highlight the differences with respect to the other choice of
the mass ratio, let us consider the comparison between the bifurcation diagrams
in the plane (U, W) shown in Fig. 26 (1 = 0.2) and in Fig. 10 (1 = 0.76). In the
case ;1 = 0.2, the bifurcation diagrams at the different ground clearances differ
both in the positive and in the negative branch, whereas for . = 0.76 the upper
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Figure 23: LCOs of the generalized coordinates ¢1, g2 and ¢ for h = 0.5 and U/ULr = 1.33
(u = 0.2 and o = 0.004).
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Figure 24: Bifurcation diagrams relative to the generalized coordinates q;, g2 and g3 for h = 0.5
and U/Upp = 1.33 (u = 0.2 and o = 0.004).

branches merge together. The interpretation of this different behavior is enhanced
if the bifurcation diagrams expressed in terms of W are taken into account. The
curves of the amplitude of oscillation W in GE (Fig. 27) collapse into a single
curve (note that it occurs also in extreme GE, i.e., h = 0.25). The differences
between the curves in Fig. 26 are due to the non-zero mean value of the LCOs,
which changes with h.

This suggests that in this case the effectiveness of GE is in the anticipation of
the flutter regime, while no variation of the bifurcation diagram is evident if the
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Figure 26: Bifurcation diagrams with respect to the normalized inflow velocity U of the flag TE
displacement (1 = 0.2 and o = 0.004).

same U 1is considered.

5. Response analysis with POD

In this section the analysis of the fundamental modes that contribute to the
numerical solution is carried out by using the proper orthogonal decomposition
(POD). The POD is a multivariate statistical method that aims to obtain a com-
pact representation of a dataset, regardless of the origin of the data. The POD
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Figure 27: Bifurcation diagrams with respect to the normalized inflow velocity U of the flag peak-
to-peak TE displacement (1 = 0.2 and o = 0.004).

extracts an orthonormal basis (proper orthogonal modes, POMs) to decompose
the analyzed dataset, so that the projection of the data onto these basis functions
contains as much energy as possible. The method, often called Karhunen-Loeve
decomposition from the name of the authors that stated the method (Karhunen,
(1946); Loeve, (1955)), has appeared in literature with various names depending
on the area of application. The first applications of POD in the field of structural
dynamics date back to the nineties and were mainly devoted to nonlinear prob-
lems. In these applications the technique aims to extract dominant structures from
the system response data in order to model the spatial distribution of energy in
the dynamics of the system and to construct low-dimensional models. For an ex-
tended review about the use of the POD for dynamical characterization and order
reduction of mechanical systems, it is possible to refer to Kerschen et al. (2005).
In the field of structural dynamics of linear systems, several papers treated the
relationship between the POMs and the LNMs. Feeney and Kappagantu (1998)
proved the convergence of the POMs to the LNMs for discrete systems in the
case of undamped free vibration. Later, Feeny and his co-authors (2002)-(2003)
extended the treatment to the case of continuous systems and to the case of ran-
domly excited systems. Mariani and Dessi (2012) applied POD for identifying
LNMs of a floating structure, demonstrating the possibility of using band-pass
pre-filtering of experimental data when the mass distribution is unknown. In the
present case, the homogeneous mass per length distribution (2D model) allows
identifying the LNMs without the need of data filtering. The fundamental equa-
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tion for applying POD is (see Mariani and Dessi (2012) for further details about
the POD implementation):
Rp = op, (31

where R is the symmetric, definite positive covariance matrix, p is the eigenvectors
of R also named as POM and o is the eigenvalues or proper orthogonal value
(POV). A particular feature in the present application is relative to data given
as input to POD. The vertical and horizontal displacements considered for the
analysis are relative to 21 points, equally spaced along the beam representing the
2D flag section with As = 1/20. Thus, the vector of processed time-histories is
made of 42 components but, because of the algebraic relation between the © and
w components (beam inextensibility), the independent components are 21. It is
worth noting that the normalization of eigenvectors based on unity norm p-p = 1
misses the constraint about the length of the flag that must be equal to unity, i.e.,

&
: VIE (PR + [Z(9]PdE =1, (32)

where ¢ is a parameter running over the (ideally) continuous POM curve, z(¢) and
z(&) are the point coordinates and / denotes in the above equation the derivative
with respect to £. Therefore, scaling of p is done according to the above condition
(expressed in discrete form) to meet this requirement. It is worth also remarking
that the number of significant POD modes can not overcome the number of modes
(M = 5) used in the modal decomposition.

The analysis based on POD says that the change in the shape of modes is less
important than the variation of energy associated to POD modes. In the following
Figs. 28-29 the POMs relative to different mass ratios, i.e., p = 0.76 and p =
0.2, are shown. In both cases, the flow velocity is relative to the post-critical
regime, where relatively large LCO have already appeared. The depicted POMs
are subjected to the condition that the percentage associated energy, defined as:

Ndof

6i=0i/ Y o, (33)
=1

and ranging from 0O to 1, is greater than 0.001. There is not much difference
between the considered mass ratios if the POM shape is taken into account. These
differences are even smaller if POMs relative to different velocities (near-critical
and post-critical regimes) are compared to each other. It is much more interesting
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Figure 28: POM shapes for = 0.76, & = 0.025, U = 1.29 and h = 0.5.

comparing the contribution of each POM to the overall response (LCOs) in the
considered cases by looking at the percentage energy ¢ in Table 5.

A general consideration is about the evidence that only the first and the sec-
ond mode (or POM) contribute significantly to the overall flag response. The
third mode gives a very small contribution and the fourth mode practically do not
participate to the solution. With p = 0.76, the first mode relevance grows with
respect to the second one as the velocity is increased. This is true both in infinite
domain and in GE, with values substantially close to each other. A different trend
seems present with 1 = (0.2, when the percentage of the first mode contribution
initially decreases and grows again with the inflow velocity. Though not compa-
rable with the first two modes, the third POM is slightly more significant in the
case p = 0.20.
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Figure 29: POM shapes for ;1 = 0.20, o = 0.004, U = 1.367 and h = 0.5.

6. Conclusions

The aeroelastic behavior of a flexible plate subjected to a uniform inflow is
investigated in ground effect. The 2D model developed by Tang and Paidoussis
(2007), coupling a potential unsteady flow solver (Lumped Vortex Panel Method)
with modal equations of a nonlinear Euler-Bernouilli beam, has been extended to
account for the presence of a rigid plane at a finite distance from the flag. The
numerical results and the preliminary experimental tests show that the system ex-
periences flutter in ground effect at an inflow velocity lower than that observed
in an unbounded flow domain. Sensitivity of critical velocity and asymmetry of
limit-cycle oscillations to several plate parameters (mass ratio, damping coeffi-
cient, inlet length) has been analyzed using also proper orthogonal decomposition.

The assessed reduction of the flutter velocity confirms similar results obtained
for the case of 2D aeroelastic sections (see Nuhait and Mook (2010) and Dessi
et al. (2012)). Indeed, the 2D hypothesis underestimates the flutter velocity, as
pointed out by Eloy et al. (2012) in absence of GE. However, it is still unclear
whether or not the 2D assumption emphasizes the flutter velocity reduction in
GE. Nonetheless, the experimental tests has demonstrated that a similar trend ex-
ists also for the 3D problem. This feature is beneficial in the perspective of using
the flag as an energy harvesting device because a less demanding wind velocity
for the flutter onset is required. Apparently, if one considers uniquely the flag TE,
no significant changes are present in the shape of the bifurcation curve relating
the amplitude of limit-cycle oscillations to the flow velocity. However, depend-
ing on the system exploited for converting mechanical energy into electrical one,
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I h U I1st POV% | 2nd POV% | 3rd POV% | 4th POV
0.76 | oo 1.01 | 79.762 20.237 0.000 0.000
0.76 | oo 1.17 | 83.110 16.889 0.001 0.000
0.76 | oo 1.29 | 85.094 14.905 0.002 0.000
0.76 | 0.5 | 1.01 | 78.355 21.645 0.000 0.000
0.76 | 0.5 | 1.17 | 81.723 18.275 0.001 0.000
0.76 | 0.5 | 1.01 | 83.882 16.115 0.002 0.000
0.20 | 10.0 | 1.001 | 89.270 10.730 0.000 0.000
0.20 | 10.0 | 1.17 | 73.133 26.851 0.015 0.001
0.20 | 10.0 | 1.17 | 73.324 26.652 0.023 0.002
0.20 | 0.5 | 1.002 | 89.605 10.395 0.000 0.000
0.20 | 0.5 | 1.17 | 71.436 28.542 0.021 0.001
0.20 | 0.5 | 1.367 | 72.102 27.861 0.035 0.002

Table 2: Percentage energy ¢ associated to POMs.

e.g., piezoelectric patches, the flag curvatures may be of major concern. A rel-
evant effect on the final results is due to the physical parameters of the flag, as
highlighted already by different authors: in 2D, the mass ratio of the flag along
with the material damping have a consequence on the design of the flag and, in
GE, may enhance or not asymmetry in the LCOs. Thus, as pointed out before, the
case p = 0.2 shows curvatures much more relevant than the case p = 0.76 and
differences also appear, for the same mass ratio, between h = 0.5 and h = oc.
The POD analysis allows estimating the energy fraction associated to each
mode. Energy fractions show that the energy distribution is fundamentally limited
to the first and second mode and depend slightly on GE and other flag parameters.
The results obtained in this paper in absence of GE are in close agreement,
as expected, with those obtained by Tang and Paidoussis (2007). Indeed, some
choices in the numerical model, e.g., the wake length, may slightly affect the fi-
nal results, but the numerical model seems sufficiently robust after performing a
convergence analysis. It is worth remarking that no experimental validation of the
effectiveness of the numerical model (i.e., assumptions plus solvers) in predict-
ing the flutter velocity has been proposed yet. In this preliminary experimental
campaign devoted to the confirmation of the flutter speed reduction, the focus
has been on preparing an experimental set-up that could be hosted on the towing-
tank carriage with minimum aerodynamic interference with the carriage structure.
Identification of the flag parameters with special emphasis on the Young modulus
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and damping as well as monitoring of the inflow conditions is next step toward
experimental validation of the simulation results.
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