Some error bounds for Gauss—Jacobi quadrature rules
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Abstract

We estimate the error of Gauss—Jacobi quadrature rule applied to a function f,
which is supposed locally absolutely continuous in some Besov type spaces, or
of bounded variation on [—1,1]. In the first case the error bound concerns the
weighted main part ¢—modulus of smoothness of f introduced by Z. Ditzian and
V. Totik, while in the second case we deal with a Stieltjes integral with respect
to f. The stated estimates generalize several error bounds from literature and,
in both the cases, they assure the same convergence rate of the error of best
polynomial approximation in weighted L' space.
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1. Introduction

Gauss—Jacobi quadrature rules have been extensively studied in literature
(see e.g. [1, 4, 10, 14] and the references therein). For a given n € N, they
provide the following approximation

[ f@utade = Y xf @)
-1 k=1

where u(z) = v¥?(z) := (1 — 2)*(1 +2)”, @, 8 > —1, is a given Jacobi weight,
pn(u, x) is the associated orthonormal Jacobi polynomial of degree n and posi-
tive leading coefficient,

-1
n—1

A = ij(u,xk)2 ) k=1,...,n,
=0
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are the well-known Christoffel numbers, and 21 < zo < ... < x,, are the zeros
of pn(u,z). We assume that f € LL = {f: | ful: = f_ll |f (2)|u(z)dz < oo}
is defined at these nodes and locally bounded in [—1,1] (i.e. bounded in each
[a,0] C (—1,1)).

Set

1 n
Ro(f) = ‘ [ f@puta)dn = 3" wf@)|
-1 k=1

and denoted by P,, the set of all polynomials of degree at most n, it is well
known that

Rn(f)u = Oa Vf € IP)2n717 (1)

while, in the general case, R,,(f), — 0asn — oo and the rate of convergence de-
pends on the smoothness properties of f. Regarding this, various error estimates
have been proved by several authors under different smoothness assumptions of
the integrand function (see e.g. [5, 6, 9, 12, 15, 16, 17, 18, 25, 31]).

In particular, for the non—weighted case (i.e. u(xz) = 1), De Vore and Scott
[5] proved that if for some integer s < 2n we have | f(®)¢*||; < oo, being here
and in the following p(z) := v/1 — 22, then we have

C, .

where R, (f) denotes the quadrature error when v = 1 and Cy is a positive
constant depending on s, but independent of f and n.

Later on, Ditzian and Totik [7, Section 7.4] combined their results with (2)
and stated an error bound based on special moduli of smoothness rather than
on the derivatives of f. More precisely, they proved that

A 2 dt, n>r, (3)

holds for all f € L', where M, > 0 is independent of n and f, and
wl(f,t):= sup |A} ,
o(f>1) S0P, AL f 2
being Afw f the central rth difference of f of variable step size ho(x).

Inspired by Ditzian—Totik results, in Section 2 (Theorem 1) we state the
following estimate

Rn(f)u S - 7dtv n > T, C # C(Tl, f)a (4)

n t2

C /Oi QL (f,t)u

where [7, eq.(8.1.2)]

Qu(f,)u == sup [[(Apgf)ullnr—142r2n2,1-2r2n2],
0<h<t
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throughout the paper C denotes a positive constant which can take different
values in different formulas, and C # C(n, f) means that C does not depend on
n and f.

Comparing with (3), we observe that (4) concerns the more general weighted
case and, instead of the complete modulus wy,, it regards the so—called main part
modulus Qf,. We recall that, in the weighted case, w(,(f,?), is defined only for
Jacobi weights u = v*# with a, 8 > 0 (see [7, Remark 6.1.2]), while in (4)
QU (f,t)u results defined without any restriction on u € L' and it is often easier
to compute, since it does not take into account of the function values close to
the extremes +1 (see [7, Section 8.5] for some examples and calculations).

Moreover, the complete and main part moduli are related by [7, Theorem
6.2.2]

t Qr T
i <wrnuse [ e e,

and they both well characterize the rate of convergence to zero of the error of
best polynomial approximation

En(f)u = (f = P)ulls, (5)

inf ||

PeP,

in terms of the smoothness of f. In particular, we have [7, Corollary 8.2.2]
Ey(f)u=0n"") < Q(f,1)u =0(t"), r>a>0. (6)

Hence, from (4) we deduce that if E,,(f), = O(n™%) holds for any a > 1, then
R, (f)u = O(n™%) holds too.
Indeed this result was already known in Sobolev spaces

Wi = {f € L711 : ”f(s)(aosu”l < OO}, ERS Nv (7)

where E,(f), = O(n~*) holds [23] and R,(f), = O(n~*) follows from the
weighted version of (2) (namely (16), which we deduced from (4), but it was
already proved [19, Th. 5.1.8]).

The novelty introduced by (4) mainly concerns functions in the intermediate
Besov spaces defined by

1 0Or
BZ::{fELi:/WLdt<oo}, r>s>1 (8)
0

ts+1

These spaces were introduced in [8] for all s > 0, but we take s > 1 since
this assures the convergence of the integral on the right-hand side in (4). We
recall that [8] Besov spaces have the peculiarity to be characterized by the best
polynomial approximation in L. Similarly to Sobolev spaces, for all f € B: we
have [7] E,(f), = O(n™*), but Besov spaces are defined also for non—integer
values of s > 1 and they satisfy s+l B: C qus], where, as usual, [s]
denotes the integer part of s.
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Then for all functions f € B;, with s > 1, which are not sufficiently smooth to
belong to W™ we remark that the new bound (4) yields R, (f)y = O(n=*) =
E,.(f)u, while using the already known estimates in Sobolev spaces, we are able
only to get R, (f), = O(n~l).

Nevertheless, when Q7 (f,t), ~ t* holds for some 0 < a < 1, we have that
f € B: for any 0 < s < a but f ¢ Bl and both the estimates (3) and (4) are
not significant because the integrals on their right—hand side do not converge.
Indeed, the convergence of these integrals implies that f is L' equivalent to a
locally absolutely continuous function [7, Theorem 6.3.1], and we are currently
working on getting an estimate of the following type

manese [T G e cremn. )

which should assure, even when 0 < a < 1, that E,(f), = O(n™?%) implies
Ry(f)u=0(n"7) .
For the time being, (9) remains an open problem and a partial result is
given in Section 3, where we examine the case that f is of bounded variation
n [—1,1]. In this case Q,(f, ), ~ ¢ holds and we state that Ry,(f), = O(n™")
by means of an estimate based on the Stieltjes integral w.r.t. f (cf. (17)). This
result extends to the weighted case a previous bound stated in [12]. It has been
proved by using certain delayed means of the Fourier projections (de la Vallée
Poussin means), which approximation properties will be briefly recalled.

2. The case of locally absolutely continuous functions

Let f be a locally absolutely continuous function in [—1, 1] (i.e. absolutely
continuous in each [a,b] C (—1,1)). We suppose f can be also unbounded at
the extremes £1, but such that || full; < co. We aim to state a general error
bound for R, (f)., which yields R, (f), = O(n~*) under the assumption that
E,.(f)u = O(n™*) holds for some a > 1, being E, (f), defined by (5).

To this aim we use Ditzian—Totik results in [7], which allow us to measure
the rate of convergence of E, (f), by the main part ¢—modulus of smoothness
of f, defined as follows [7, eq. (8.1.2)]

Q;(f, t)y := sup H(Afwf)uﬂp(fm), Iy =[-1+ 2r2h% 1 — 2r2h2],
0<h<t

where [|glz1[q,5 := ff |9(x)|dz, and A} f denotes the central rth difference of
f of variable step size ho(x) = hv/1 — a2, i.e.

ol @)= S0 ()1 (o (5= k) )
k=0

In [7, eq. (8.2.4)] it is stated that there exists a sequence of approximating
polynomials for f, namely Py € PP, such that

. (.1
I = Pullsssensamens €05 () © r<n (0

u



holds, where the constant C > 0 depends on ¢ > 0, but C # C(n, f).
% Moreover (cf. [7, pp. 94-95]) on the whole interval [—1,1] the previous
polynomials P satisfy

%QT sUu
- pud<e [T aeremn,

and we also have
flag) — =N [Py, (@) = P(an)],  k=1,...n  (12)
7=0

We remark that the local absolute continuity of f assures that both the right—
hand sides in (11) and (12) converge and that (12) is satisfied at any system of
o Jacobi zeros zj, (in the general case it holds a.e. in [—1,1]).
By means of the previous results, we state the following

Theorem 1. For all Jacobi weights u € L*, each locally absolutely continuous
function f € LY and any pair of integers n > r, we have

= Q7 (f, )
oS [T crenn. (13)

Proof of Theorem 1. We consider the non-trivial case that the integral on the
s right hand side in (13) converges. Then, by the previous discussion, there exists
a polynomial P’ € P, satisfying (10)—(12). Hence, by (1) and (11), we get

Ro(f = Bo)u < (f = Po)ulls + Y Akl(f = P ()]

Rn(f)u =
k=1
7 Q7 (f, ) " =
< C/ #dtﬁLZ)\k Z 2;+1 - 27n)(xk>
0 = 7=0
C " fu
< / dt+zz>\k| 23+1n— 2Jn)(xk)|
j=0k=1

and in order to complete the proof, we are going to prove that
C o (1)
S S AP - ol < & [F By
n Jo t
7j=0 k=1
To this aim we apply the following Marcinkiewicz type inequality (see e.g. [20,
Theorem 2.6])

> Ml (Pin(@i)| < CUPpuly,  VPu €Pry  C#C(ALn,P),  (14)
k=1
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and Remez type inequality (see e.g. [7, p. 91, (B)])

HPnqu SCHPTLU||L1[,1+%’1,%]5 an E]an C?’éc(nvp)v (15)

in order to get

o0 n o0 )
DD APy = P (@)l < C Y02 ([(Pyiiy, — Paiy)ull

j*Okfl =0
< 022 |(Pys+1, — Poip)ull L= 14c(2i+1n) 21— (25+1n) 2] -

Then, by using (10) and the following properties [7]

(1)  Qu(f,2t)u <C27QL(f,)u,
(1) t1 <ts = QG(f,t1)u < Q(f,t2)u,
we conclude the previous estimate as follows

Akl (Pais1,, — Poi) (@)

j=0 k=1
< CZ2J Qr (f’2j+1 ) J’_Qr (f7> ]
Jj=0 u,1 u
J T
< S (1t
7=0
] 2 r 1 ﬁ
< gZ(ZJn) o (f,szn ot
u 27t1n
C o[ (f,1)
< Z “ — _p N U .
< Z/ dt n/o o dt

iEam
U

We observe that, if for some integer s > 1 the function f is such that f—1
is locally absolutely continuous on [—1,1] and || f®)@u||; < co, namely f € W
(cf. (7)), then we have [7, Lemma 8.1.2]

Q (f,1), <CEIfPeulli,  C#C(n, f),
and Theorem 1 implies the already known estimate
C
Ro(flu < —IfCe%ul,  C#Cm. ), VfeWS, (16)

which has been proved in [19, Th. 5.1.8] for s = 1 too. Nevertheless, for some
specific functions in Sobolev spaces, the new estimate in Theorem 1 improves
the existing bounds, as shown in the next example.
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Example 1. Tuke f(x) = log(1 — 22) and u(z) = (1 — 22)~3. In this case
fe Wy —W2 and we have Q, (f,t),, ~ t3 (see [7, p. 110]). Hence (13) implies
that

Ro(f)u = O(n™%).

Note that this result cannot be deduced from the known estimates in Sobolev
spaces (where (16) yields only Ry (f)u = O(n™1)), neither other existing error
bounds with the weighted uniform norm are applicable, being || full-c = oo.

More generally, we can say that Theorem 1 provides significative results in
Besov type subspaces of L} defined by (8). For all s > 1, the functions f € BS
are so smooth to satisfy QF,(f,t), = O(t*) = En(f)u, hence the integral on the
right—hand side of (13) converges, and Theorem 1 yields R, (f)., = O(n™%).

In conclusion, the next corollary follows from Theorem 1 by virtue of (6).

Corollary 1. If f € LY is such that E,(f), = O(n~*) holds for some s > 1,
then we have Ry, (f), = O(n™*).

3. The case of functions of bounded variation

Throughout this section we suppose that f € L. is a function of bounded
variation and, as usual, we assume that

flan)” + f@)” flar)* = lm, [(2).

)
2 I_>$k

flzg) =

For such a function it is well-known that Q7 (f,¢), ~ t holds , hence (13) is
trivial being the right—hand side equal to infinity. By the next theorem, we state
a different estimate, which assures, for all functions f of bounded variation, that
the Gaussian quadrature error tends to zero with the same convergence rate of
the error of best polynomial approximation in L}, namely R,(f), = O(n~1).
In the special case u(x) = 1 a similar result has been proved in [12].

Theorem 2. For all functions f of bounded variation on [—1,1] and anyu € L,
we have .
R < [ u®plrel £ Cm ) (7
-1
We are going to prove this theorem by means of some de la Vallée Poussin
means of f, which are defined as follows

2n—1

Vif(@) = = 3 Sif(e),
k=n

where Sy f denotes the k-th Fourier—Jacobi partial sum of f associated with a
suitable weight w = v7°. In the sequel we briefly recall the main properties
of V,f we are going to use. For more details on de la Vallée Poussin type

approximation, we refer the reader to [2, 3, 11, 21, 22, 23, 26, 27, 28, 29, 30].
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Obviously, V,,f € Pg,_1 for all f, and the following invariance on polynomi-
als holds
V,P =P, VP eP,. (18)

Moreover, denoted by K, (w,z,y) := Z?:o pj(w, z)p;(w,y) the Darboux kernel
of degree n corresponding to w, de la Vallée Poussin means of f associated with
w can be explicitly written as follows

Vo f () = / om0, 2,9) f () () dy, (19)

-1

where v, (w, z,y) == L 7 VK, (w, 7, y).

Finally, by using a pointwise estimate of the previous de la Vallée Poussin kernel
(see e.g. [30, Lemma 5.1]), the next theorem has been proved in [23, Th. 4.2].

Theorem 3. Let w = v7° and u = v®P be such that —1 < a <, =1 < < 6,
and suppose they satisfy for some v € [0,1/2] the following conditions

3 1
%—Z—V <a< %—FZ—V,
(20)
2 1 "7 2 Ty

Then for allm € N and any f € L., de la Vallée Poussin means associated with
the weight w satisfy

|(Vnf = flully < CEW(f)u, C#C(n, f). (21)

By taking into account the previous results, Theorem 2 can be proved as
follows.

Proof of Theorem 2. Supposed that u = v®? € L' is arbitrarily fixed, let us
take a weight w = v7% satisfying the hypotheses of Theorem 3, and let V, f be
the associated de la Vallée Poussin mean satisfying (21). By (1) we get

Ro(f)u = Ba(f = Val)u < I(F = VaF)ull + Y Nl f @) = Va (@)l (22)

k=1

On the other hand, set

Ft(lﬂ){ é iziz z,t € [7131]7
we observe that
1
f@) = £+ [ T, el 23)
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and, by applying (18) with P(z) = f(—1), the identities (23) and (19) imply
that

f@)=Vuf(z) = [f(@) = (D] =Walf = f(=D](2)

:/_ /Vrt )af (1)

holds for all z € [—1,1]. Consequently, from (22) we deduce

Ralf)u < [ 0= Vululldr O]+ |3 M) = VL) |dr 0]
—1 —1 k=1

(24)
and in order to get the statement, in the sequel we are going to estimate the
integrands in (24) for all t € [-1,1].

Let us first assume that ¢ € [z1,2,]. In this case we consider the so—called
Markov-Stieltjes polynomials, P € P,, which satisfy (see [13, p.72] and [24,
Theorem 6.3.28])

P (2) S Ty(a) < BY(2), vrtel-11,  (25)
I = POjul = dawt) < S ult)plt), Vi <1- S (26)
where A\, (u,t) := {27_01 pj(u,t)Q} o and C # C(n,t).

By (21) (25) and (26), we have
1T =Valuly < CEn(Te)u < CII(Te = P )ully < CI(PT — Py Julla

IN

© utetr).

Similarly, by using (18), (25), (14), (21) and (26), we get

SOMlCien) — Valuae)]l < S0 MlTu(en) = B (o) + 3 MelVa(T = P ) ()

k=1
< CY [P () = P (an)] 4 Cl[Va(De = P )ulh
< CIE" =P )ully + €T = P )ullh

< B - Pyl < % u(t)p(t).

Now, let us assume t € (z,,1]. Note that, by (21) we have

1
Ty = VaTyulls < CEw(Ty)u < C|[Thuls = c/ w(z)dz,
t

and taking into account that 1 < (1+¢) < 2and V1 -t < /1—1, <Cn7!,
by easy computations we get

Ty — VuT)u|s < C/ x)dx < ¢ u(t)p(t).

n
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Similarly, by (14) and (21) we have

NE

D MwlDelzr) = Valelz)| = AeVnle(k)| < Cl[(Val'ully < C|[Teully
k=1

1

u(t)p(t).

slaf

<

Finally, consider the symmetric case ¢ € [—1,2;). By using (21), and taking
into account that 1 < (1 —¢) <2 and 1+t < T+ 21 <Cn~ !, we deduce

(e = VaLiuls < CE(T), < T - Dl =¢ [ ula)de < € utte),

as well as, by (18), (14) and (21) we get
Yo Melle(@r) = Vale(zo)l = D AlVa(l =To)(@n)| < CIVa(l = To)uly
k=1 k=1

< €Tl < (b)),

Summing up, for all ¢ € [—1, 1] we proved that there exists a constant C # C(n, t)
such that

= Vol < S u(typt) and 32 Aellu(og) — Valu(a)] < & u(t)l)
k=1

hold, hence by (24) the statement follows. O

4. Conclusions

We stated a new error bound (cf. (4)) for Gauss—Jacobi quadrature rules
applied to functions in the weighted Besov spaces B given in (8) with s > 1.

Our estimate implies the already known error bounds (16) in Sobolev spaces,
but in the intermediate Besov spaces B;, with s > 1, it has the advantage of as-
suring the same convergence rate of the error of best polynomial approximation
in L! (Example 1, Corollary 1).

The case that f € B; with 0 < s < 1 remains an open problem. For the time
being, an estimate is given for the functions of bounded variation (Theorem 2).
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